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¤�µÔÚÈ��.Àª�� üõ ÛÊê ´Ôû Ûõ�ª �õ�÷ ö�þ�� ßþ�üõ ýÂþÁ� ß�Ú÷��õ ��úÔõ ü�ãþ �õ�÷ ö�þ� � ßþ� üÜ¬� ÓþÂã� Ûõ�ª ñø� ÛÊêü�ÂÌÜ¬�� ý�Ìê öÀª �µ¡�¨ ùb�½÷ ùb¤��¤¢ ýÂÊµ¿õ ÛÊê ßþ� ¤¢ ß��»Þû ,Àª��.Ý�û¢ üõ ¼�®��  �÷�� Â±� ø¢ ý¤�Æ÷��üõ ö�È÷ �¤ ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ ��úÔõ ÓþÂã� ¸þ�µ÷ ßþÂµÞúõ ¥� üØþ �ø¢ ÛÊêÝ��î ù¢�Ôµ¨� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ ��úÔõ ¥� Âð� �î Ýþ�ù¢�¢ ö�È÷ ÛÊê ßþ� ¤¢ .Àû¢üõ ¥¤�Ýû ,Ýû �� ü±þÂÖ� ÂþÁ� ­�±Ö÷� ø ü±þÂÖ� ÂþÁ� ß�Ú÷��õ  �÷�� ý�ûÂ±� ùb¢¤ ø¢.À÷�ª.¢¥�¢Â� üõ ýÂþÁ� ß�Ú÷��õ �� ÀþÀ� ��úÔõ ×þ öÀª ñ¢�ãõ �� ��÷ ��¨ ÛÊê�� ü±þÂÖ� ��úÔõ öÀª ¢¤�ø ùb�½÷ ø ý��ó�±÷¢  �÷�� ý�Ìê ÓþÂã� �� �¤�ú� ÛÊê ¤¢.Ýþ¥�¢Â� üõ  �÷�� ý�ûÂ±� ¥� á�÷ ßþ��¤ ¤�À÷�Âî ü±þÂÖ� ÂþÁ�(­�±Ö÷�)ß�Ú÷��õ  �÷�� ý�ûÂ±� ¥� üÔ�¬�� Ý¹�� ÛÊê ¤¢[12℄ ¥� ��Ìì À�� Ý�Þã� �� ÝÈª ÛÊê ¤¢ ø Ý��îüõ ö���ü÷�Þû ×þ ý�¤�¢ ü±þÂÖ� ÂþÁ� ß�Ú÷��õ  �÷�� Â±� ×þ �Ø�þ� ý�Â� üÎþ�Âª ö��� ��÷ ø.Ýþ¥�¢Â� üõ Àª�� �êÂÏ ø¢ ü±þÂÖ�ùÀª ùÀ÷�¹�ð â��Âõ ´¨Âúê ø �õ�÷ù��ø °��Â� �� ´¨��� Ç¿� ¤¢ ��÷ �Þ��¡ ¤¢. ´¨��b ó�Öõ ¥� �õ�÷ ö�þ�� ßþ� ßþøÀ� ý�Â�3
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1 ÛÊê
��óø� Ý�û�Ôõ

ù�ðÂû Ý�õ�÷ üõ Â±� ×þ �¤ F ö�À�õ ýø¤ A ý¤�¢Â� ý�Ìê .ÓþÂã� 1.1
ø a; b Âû ý�Â� ø �(a; b) = a:b �î Àª�� ¢���õ � : A � A ! A üÎ¡ ø¢ ´ª�Ú÷:Àª�� Âþ¥ «��¡ ý�¤�¢ F �� ÕÜãµõ � ø A �� ÕÜãµõa.(b.
)=(a.b).
 .(1)(a+b).
=a.
+b.
 , a.(b+
)=a.b+a.
 .(2)(�.a).b=�.(a.b)=a.(�.b) .(3)ýÂ±� �Â÷ ×þ �¤ A ýø¤ p �Â÷ .Àª�� Â±� ×þ A Ý��î ­Âê .ÓþÂã� 2.1: Ý�ª�� �µª�¢ A �� ÕÜãµõ b ø a Âû ý�¥� �� ù�ðÂû ,Ý���ðp(a:b) 6 p(a)p(b)üõ  �÷�� Â±� ×þ �¤ A ¤�ÀõÂ÷ Â±� .Ý���ð ¤�ÀõÂ÷ Â±� ×þ p �Â÷ �� ù�ÂÞû �¤ A Â±�.Àª�� Ûõ�î p �Â÷ �� A ý�Ìê Âð� Ý�õ�÷6



��óø� Ý�û�Ôõ 1 ÛÊêüÎ¡ ´ª�Ú÷ ×þ B Â±� �� A Â±� ¥� ' ýÂ±� üµ¿þÂÞû .ÓþÂã� 3.1'(xy) = '(x)'(y) (x,y2 A) : �î ý¤�Î� ´¨�.´¨� ü�Â®ø üÎ¡ ´ª�Ú÷ ×þ B Â±� �� A Â±� ¥� ' ü�ãþ×þ �¤ ' ù�Ú÷� ' : A ! C ü�ãþ ,Àª��(ÍÜµ¿õ ¢�Àä� ö�À�õ C ) B = C ù�ðÂû.Ý���ð üõ ÍÜµ¿õ üµ¿þÂÞûßþ� ¤¢ Àª�� A Â±� ýø¤ ÍÜµ¿õ üµ¿þÂÞû ×þ ' Ý��î ­Âê .��Ìì 4.1e � x , kxk 6 1ÏÂª �� A �� ÕÜãµõ x Âû ý�Â� ø k'k 6 1 ø ´¨� �µ¨��� ' �¤�¬.(Àª�� üõ A ü÷�Þû �Ìä e)Àª�� üõ A ¥� ÂþÁ³÷ø ¤�ø �Ìä ×þ2 .[23℄ ¥� 7-10 ��Ìì .ö�ûÂ�.Àª�� C ö�À�õ ýø¤ À��ø öøÀ�  �÷�� Â±� ×þ A Ý��î ­Âê .ÓþÂã� 5.1¤�¢ À��ø Â±� ×þ �� Âþ¥ �Â® ø âÞ� ø �Â÷ �� eA = f(a;�): a2 A;�2 Fg �ä�Þ¹õ:¢�ª üõ (0,1) ü÷�Þû �� F ö�À�õ ýø¤k(a;�)k = kak+ j�j(a1;�1) + (a2;�2) = (a1 + a2;�1+�2)(a1;�1):(a2;�2) = (a1:a2+�2:a1+�1:a2;�1:�2).À�ª�� üõ �1;�2 2 F ø a1; a2 2 A �î.[23℄ .´¨� ¤�¢ À��ø  �÷�� Â±� ×þ ��� ¤¢ ùÀª ÓþÂã� �Â® ø âÞ� ,�Â÷�� eAÀ��ø öøÀ � AÂ ð� ø A℄ := A Àª� � ¤�¢ À��ø A Â ð� .ý¤�Áð ¢�Þ ÷ 6.1. Ý�û¢ üõ ö�È÷ eA ´õ�ä �� �¤ A℄ ü÷�Þû �Ìä ñ�� Âû ¤¢ .A℄ := eAÀª��7



��óø� Ý�û�Ôõ 1 ÛÊêý¤�¢Â� ý�Ìê ×þ E ø F ö�À�õ ýø¤ Â±� ×þ A Ý��î­Âê .ÓþÂã� 7.1üÎ¡ ø¢ ´ª�Ú÷ ù�ðÂû ´¨� ²� ñøÀõ - A ×þ E Ý� ��ð .Àª� � F ö�À�õ ýø¤:�î üÞÆÖ� Àª�� ¢���õ E �� A� E ¥� (a; x)! a:xa:(b:x) = (ab):x (a; b 2 A; x 2 E)ø¢ ´ª�Ú÷ ù�ðÂû Ý���ð ´¨�¤ ñøÀõ - A×þ �¤ E ý¤�¢Â� ý�Ìê °��Â� ß�Þû ��:�î üÞÆÖ� Àª�� ¢���õ E �� A� E ¥� (a; x)! x:a üÎ¡(x:a):b = x:(ab) (a; b 2 A; x 2 E)A ø ²� ñøÀõ - A Ýû ù�ðÂû Ý���ð �êÂÏ ø¢ ñøÀõ - A×þ �¤ E ý¤�¢Â� ý�Ìê:Àª�� Âþ¥ ´�¬�¡ ý�¤�¢ üóøÀõ �Â® ø Àª�� ´¨�¤ ñøÀõ -(a:x):b = a:(x:b) (a; b 2 A; x 2 E)×þ �î �¤ E  �÷�� ý�Ìê .´¨�  �÷�� Â±� ×þ A Ý��î ­Âê .ÓþÂã� 8.1¢���õ ý� K > 0 Âð� Ý�õ�÷ üõ ²� ñøÀõ - A  �÷�� ×þ Àª�� ��÷ ²� ñøÀõ - A:�î üÞÆÖ� Àª��ka:xk 6 Kkakkxk (a 2 A; x 2 E)�êÂÏø¢ ñøÀõ - A  �÷�� ×þ Àª�� �êÂÏø¢ ñøÀõ - A×þ �î �¤ E  �÷�� ý�Ìê:�î üÞÆÖ� Àª�� ¢���õ K > 0 Âð� Ý�õ�÷ üõka:xk 6 Kkakkxk ø kx:ak 6 Kkakkxk (a 2 A; x 2 E)E ´¨� �êÂÏø¢ ñøÀõ - A×þ E øÂ±� ×þ A Ý��î­Âê .ÓþÂã� 9.1.E �� ÕÜãµõ x ø A �� ÕÜãµõ a ý�Â� a:x = x:a Âð� ¢�ª üõ ùÀ�õ�÷ ( ö¤�Öµõ) üþ�¹���8



��óø� Ý�û�Ôõ 1 ÛÊê�¤ A ¤¢ ,(ei)i2I ¤��, ´¨� ¤�ÀõÂ÷ Â±� ×þ A Ý��î ­Âê .ÓþÂã� 10.1,A �� ÕÜãµõ a Âû ý�Â� Âð� À�þ�ð A ý�Â� ²� ü±þÂÖ� ü÷�Þû ×þlimi eia = a.¢�ª üõ �µêÂð A Â±� �Â÷ ¤¢ À� �îÂû ý�Â� Âð� À�þ�ð A ý�Â� ´¨�¤ ü±þÂÖ� ü÷�Þû ×þ �¤ (ei)i2I ¤�� °�� Â� ß�Þû ��,A �� ÕÜãµõ alimi aei = a´¨�¤ ø ²� ü±þÂÖ� ü÷�Þû Âð� Ý���ð A ý�Â� ü±þÂÖ� ü÷�Þû ×þ �¤ (ei)i2I ¤��.Àª��ü±þÂÖ� ü÷�Þû Â� ùø�ä Âð� Ý���ð A ý�Â� ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ×þ �¤ (ei)i2I ¤��.Àª�� �¤�¢ ��÷ �¤ supi keik <1 ¯Âª ö¢�� ´¨�¤ ø ²�¢�¡ �¤ A �� ÕÜãµõ x �Ìä .Àª�� Â±� ×þ A Ý��î ­Âê .ÓþÂã� 11.1.x2 = x:x = x Âð� Ý���ð ö���Âþ¥ ×þ E ø  �÷�� ý�Ìê ×þ A Ý��î ­Âê . 1(¤ø�õ)��Ìì 12.1.À÷Â��Â� Ýû �� E Ó�ã® ´Æ� ø (A,k:k ) ¤¢ E ´Æ� .´¨� A ¥� �À½õ �ä�Þ¹õ2 .[23℄ .ö�ûÂ�X�; Y �ø F ö�À�õ ýø¤  �÷�� ý�û�Ìê Y ø X Ý��î ­Âê .ÓþÂã� 13.1�� �¤ x
 y , Y �� ÕÜãµõ y ø X �� ÕÜãµõ x ý�Â� .À�ª�� �ú÷� ö�ðø¢ ý�û�Ìê °��Â� ��Mazur1
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��óø� Ý�û�Ôõ 1 ÛÊêý�Ìê BL(X� � Y �; F ) ) ÝþÂ�ð üõ ÂÑ÷ ¤¢ BL(X� � Y �; F ) ¥� ý�Ìä ö���äf Âû ý�¥� �� �î (Àª�� üõ F ý�µ� X� � Y � ¥� ¤�À÷�Âî üÎ¡ ø¢ ý�û ´ª�Ú÷ ��Þ�:¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� Y � �� ÕÜãµõ g Âû ø X� �� ÕÜãµõx
 y(f; g) := f(x)g(y)Âþ¥ �¤�Ê� �¤ ö� ø Ý�û¢ üõ Çþ�Þ÷ X 
 Y �� �¤ Y ø X ý¤�Æ÷�� �ÂÌÜ¬��:Ý��î üõ ÓþÂã�X 
 Y = linear spanfx
 y : x 2 X; y 2 Y gý�Ìä� �Ü�¨�� BL(X� � Y �; F ) ¤¢ ùÀª À�ó�� üÎ¡ ý�Ìê Âþ¥ X 
 Y ü�ãþ.Àª�� üõ Y �� ÕÜãµõ y ø X �� ÕÜãµõ x �î ´¨� x
 y¤�ÀõÂ÷ ý�Ìê ×þ �� �¤ X 
 Y ý�Ìê Y ø X ý�û�Ìê �Â÷ ¥� ù¢�Ôµ¨� � � ñ��.Ý��î üõ ÛþÀ±�üõ X 
 Y ýø¤ ýÂþ�Ê� ý¤�Æ÷�� �Â÷ Âþ¥ ÓþÂã� �� �¤ k:k� : X 
 Y ! R ,�Â÷:Ý�õ�÷kuk� := inffPni=1 kxikkyik : u = Pni=1 xi 
 yi; n 2 Ng.kx
yk� = kxkkyk �î À��î �����ÂÌÜ¬�� �¤ BL(X� � Y �; F ) ¤¢ ( X 
 Y ,k:k� )¤�ÀõÂ÷ ý�Ìê ùÀª Û�ÞØ�.Ý�û¢ üõ Çþ�Þ÷ ^X 
 Y �¤�Ê� �¤ ö� ø Ý���ð Y ø X ýÂþ�Ê� ý¤�Æ÷��.Ý�µ¡�¨ ^X 
 Y ÀþÀ�  �÷�� ý�Ìê ×þ Y ø X  �÷�� ý�Ìê ø¢ ¥� âì�ø ¤¢.Àû¢ üõ ö�È÷ �¤ ^X 
 Y Â¬��ä ´�û�õ Âþ¥ ��Ìì ñ��
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��óø� Ý�û�Ôõ 1 ÛÊê�� ýÂ¬��ä Ûõ�ª BL(X� � Y �; F ) ¥� üþ�Ìê Âþ¥ ^X 
 Y .��Ìì 14.1´¨� Y �Ìä yi ø X �Ìä xi ø P1i=1 kxikkyik <1 �î ´¨� u = P1i=1 xi 
 yi �Âê:Ýþ¤�¢ økuk� := inffP1i=1 kxikkyik : u = P1i=1 xi 
 yig2 .[1℄ . ö�ûÂ�ßþ� �� �î Ý��î üõ ´��� ø Ý��î üõ ÓþÂã� �Â® ×þ ^X 
 Y ý�Ìê ýø¤ ñ��:Ý��î üõ ÓþÂã� �÷�ð ßþ� �¤ �Â® .´¨�  �÷�� Â±� ×þ ^X 
 Y ,k:k� �Â÷ ø �Â®(x1 
 y1):(x2 
 y2) = (x1:x2)
 (y1:y2) (x1; x2 2 X; y1; y2 2 Y )u = Pni=1 xi 
 yi �î ´¨� ^X 
 Y ý�Ìê ¥� ù��¿ó¢ �Ìä ø¢ vø u Ý��î ­Âê ñ��:Ýþ¤�¢ v = Pmj=1 x0j 
 y0j øu:v = Pni=1Pmj=1 xix0j 
 yiy0j :Ýþ¤�¢ �õ�Pni=1Pmj=1 kxix0jkkyiy0jk 6 Pni=1 kxikkyikPmj=1 kx0jkky0jk:Ýþ¤ø � üõ ´¨À� üû��µõ ý�û á�Þ¹õ ýø¤ inf ßµêÂð �� ñ��ku:vk� 6 kuk�kvk�Â±� ýø¤ k:k� �Â÷ .À�ª�� ¤�ÀõÂ÷ ý�ûÂ±� Y ø X Ý��î­Âê .��Ìì 15.1.´¨�  �÷�� Â±� ×þ ^X 
 Y ø ´¨� ýÂ±� �Â÷ X 
 Y2 .[1℄ . ö�ûÂ�
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��óø� Ý�û�Ôõ 1 ÛÊê.´¨�  �÷�� ý�Ìê ×þ A Ý��î­Âê . 2( ßþ�µªÀÜð)��Ìì 16.1:´¨� ¢���õ Âþ¥ «��¡ �� A ¤¢ ( xi ) ¤�� A�� ¥� � Âû ý�Â�.kxik 6 k�k ,Ýþ¤�¢ i Âû ý�Â� .(1).!� ý��ó���� �� x̂i ! � .(2).´¨� ñ�Ú� !� ý��ó���� �� A�� ¤¢ A �î À�î üõ ö��� ßþ�µªÀÜð �b �Ìì âì�ø ¤¢�êÂÏ ø¢ ñøÀõ - A×þ X ø  �÷�� Â±� ×þ A Ý��î ­Âê .ÓþÂã� 17.1:�î üÞÆÖ� �¤ D : A! X üÎ¡ ´ª�Ú÷ .´¨�  �÷��D(ab) = a:D(b) +D(a):b (a,b2 A)ÂÑ÷ ¤¢ �µ¨ ��� ´ª�Ú÷ ×þ �¤ D ¤�î ñ�Ï ¤¢ �î À��î ���� .Ý�õ�÷ üõ ÕµÈõ ×þ.´¨� ùÀª ö��� ö� é�¡ �î üþ�� ¤¢ ÂÚõ ÝþÂ�ð üõA ¤�µ¡�¨ ×þ X �� �õ �Ø�þ� ´Üä ��� ÕµÈõ ÓþÂã� ýø¤ ¥� .�µØ÷ 18.1,À�î üõ ëÀ¬ �µ�÷ ²þ� ¯Âª ¤¢ �î D ´ª�Ú÷ ,�î ´¨� ßþ� Ý�û¢ üõ üóøÀõ -A×þ X) À�µÆû X �� ÕÜãµõ ø¢ Âû D(a):bø a:D(b) ö�� ü�ãþ .¢�ª ÓþÂã� ©�¡.´¨� X �Ìä D(ab) Å� (´¨��êÂÏ ø¢ ñøÀõ -�êÂÏ ø¢ ñøÀõ - A×þ X ) X �Ìä x Âû ý�Â� .ý¤�Áð ¢�Þ÷ 19.1ö�È÷ ñ��.ÝþÂ�ð üõ ÂÑ÷ ¤¢ a ! a:x � x:a �Î��® �� �¤ adx : A ! X (´¨�  �÷��:À�î üõ ëÀ¬ ��÷ �µ�÷ ²þ� ¯Âª ¤¢ �î Ý�û¢ üõadx(ab) = (ab):x� x:(ab) = (ab):x � a:x:b + a:x:b� x:(ab)Goldstein2
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��óø� Ý�û�Ôõ 1 ÛÊê= a:(b:x� x:b) + (a:x� x:a):b= a:adx(b) + adx(a):b (a,b2 A; x 2 X).Ý�õ�÷ üõ x�Ü�¨�� ùÀª �Öó� ü÷ø¤¢ ÕµÈõ �¤ adx .´¨� ÕµÈõ ×þ adx Å��êÂÏ ø¢ ñøÀõ - A×þ X ø  �÷�� Â±� ×þ A Ý��î ­Âê .ÓþÂã� 20.1¢���õ X ¤¢ (xi)¤�� Âð� Ý�õ�÷ üõ ü÷ø¤¢ �f±þÂÖ� �¤ D : A ! X ÕµÈõ .´¨�  �÷��: A ¥� a Âû ý�Â� �î üÞÆÖ� Àª��D(a) = k:k � limi (a:xi � xi:a)Ý �Æ þ� ÷ ü õ Ý � û¢ Çþ� Þ ÷ �¤ �� � À� ü ÷ø¤¢ ý�ú µ ª�Ú ÷ � Ü � ¨� � Ý � û��¿ � Â ð� � þ.D = limi adxi�êÂÏ ø¢ ñøÀõ - A×þ X ø  �÷�� Â±� ×þ A Ý��î ­Âê .�µØ÷ 21.1��÷ �¤ X� ,X ýø¤ A üóøÀõ �Â® ¥� ù¢�Ôµ¨� �� .´¨� X ö�ðø¢ ý�Ìê X� ø  �÷��:Ý��î üõ ÓþÂã�.Ý��î üõ  �÷�� �êÂÏ ø¢ ñøÀõ - A×þ �� ÛþÀ±�(a:f)(x) := f(x:a) (a 2 A; f 2 X�; X 2 X)(f:a)(x) := f(a:x) (a 2 A; f 2 X�; X 2 X)�êÂÏ ø¢ ñøÀõ - A×þ �� ÛþÀ±� ��÷ X� ,��� �¤�¬ �� (f:a)ø (a:f) ÓþÂã� ��.´¨� ùÀª ¶½� Ûõ�î ¤�Ï �� [2℄¤¢ ë�ê �Â® ÓþÂã� ������ .¢�ª üõ  �÷���µÆ��ø �¤ üµ��� 8.1 ¤¢ X ýø¤  �÷�� �êÂÏ ø¢ ñøÀõ - A ¤�µ¡�¨ ×þ ßµ¡�¨ ý�Â�ø¢ Âû f:a ø a:f ¯Âª ßþ� �� �î ´¨� ßþ� Âõ� ßþ� ´Üä, Ýþ¢Âî X ¤¢ A Â¬��ä �Â® ��:Ýþ¤�¢ ö�� ,À÷�ª üõ X� �� ÕÜãµõ13



��óø� Ý�û�Ôõ 1 ÛÊêka:fk = supkxk61 k(a:f)(x)k 6 k(a:f)(x)k = kf(x:a)k 6 kfkkx:ak:Ýþ¤�¢ Å� kx:ak 6 Kkxkkak ö�� ñ��ka:fk 6 Kkxkkak.f:a ¢¤�õ ¤¢ °��Â� ß�Þû ��.´¨� X� �Ìä Å� ´¨� ¤�À÷�Âî a:f Å�.´¨�  �÷�� Â±� ×þ A Ý��î ­Âê .ÓþÂã� 22.1,X Û·õ  �÷�� �êÂÏ ø¢ ñøÀõ - A Âû ý�Â� Âð� Ý���ð ÂþÁ� ß�Ú÷��õ �¤ A  �÷�� Â±�ý�Â� ü�ãþ ,D = ad� �î üÞÆÖ� 9� 2 X� ü�ãþ ,Àª�� ü÷ø¤¢ D : A! X� ÕµÈõ Âû:Ýþ¤�¢ a 2 A ÂûD(a) = a:� � �:a.Ý�¨¤ üõ ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ ÓþÂã� �� ýÂþÁ� ß�Ú÷��õ ��úÔõ Ý�Þã� ��- A Âû ý�Â� Âð� Ý���ð ü±þÂÖ� ÂþÁ� ß�Ú÷��õ�¤ A  �÷�� Â±� .ÓþÂã� 23.1(�i ) ¤�� ü�ãþ ,Àª�� ü÷ø¤¢ �±þÂÖ� D : A! X� ÕµÈõ Âû X Û·õ  �÷�� �êÂÏ ø¢ ñøÀõ�î Àª�� ¢���õ X� ¤¢D(a) = k:kX� � limi ad�i(a)ñøÀõ - A Âû ý�Â� Âð� Ý���ð ü±þÂÖ� ÂþÁ� ß�Ú÷��õ ý� �ó�±÷¢ ¤�Î� �¤ A  �÷�� Â±�üÞÆÖ� Àª�� ¢���õ X ¤¢ (�i ) �ó�±÷¢ D : A! X� ÕµÈõ Âû ø X Û·õ  �÷�� �êÂÏ ø¢.D = limi ad�i �îüÜî ´ó�� ¤¢ üóø .´¨� ü±þÂÖ� ÂþÁ� ß�Ú÷��õ ,ÂþÁ� ß�Ú÷��õ  �÷�� Â±� Âû ��®ø ���ã��Âõ [14℄ ø [12℄ �� ���õ¥ ßþ� ¤¢ üþ�úó�·õ öÀþ¢ ý�Â� .´Æ�÷ ¤�ÂìÂ� °ÜÎõ ßþ� ÅØä
14



��óø� Ý�û�Ôõ 1 ÛÊê.À���õÂê.´¨�  �÷�� Â±� ×þ A Ý��î ­Âê .ÓþÂã� 24.1Û·õ  �÷�� �êÂÏ ø¢ ñøÀõ - A Âû ý�Â� Âð� Ý�õ�÷ üõ ÂþÁ� ­�±Ö÷� �¤ A  �÷�� Â±�Âð� Ý���ð ü±þÂÖ�ÂþÁ� ­�±Ö÷� �¤ A  �÷�� Â±� ø ,Àª�� ü÷ø¤¢ D : A! X ÕµÈõ Âû ,X.Àª�� ü÷ø¤¢ �±þÂÖ� D : A! X ÕµÈõ Âû ,X Û·õ  �÷�� �êÂÏ ø¢ ñøÀõ - A Âû ý�Â��±þÂÖ� ,ÂþÁ� ­�±Ö÷� �±þÂÖ�  �÷�� Â±� Âû Ý��î üõ ùÀû�Èõ ��� Óþ¤�ã� ¥� �î ¤�Ï ö�Þû.´¨� �êÂÏ ø¢ üóøÀõ ¤�µ¡�¨ ý�¤�¢ X� ö�� ,´¨� ÂþÁ� ß�Ú÷��õ¤�Âì !� ¢�Þ÷ ,D(a) = limi ad�i(a) ¤¢ limi ¢�Þ÷ ¥� Û±ì Âð� .�µØ÷ 25.1!� ý��ó���� ¤¢ üþ�ÂÚÞû �î ´¨� ßþ� ¤�Ñ�õ ,D(a) = !� � limi ad�i(a) ü�ãþ ,¢Â�ð.´¨� X� ¥�Çþ�Þ÷ A�� �� �¤ A  �÷�� Â±� �ø¢ ö�ðø¢ �õ�÷ ö�þ�� ßþ� ñ�Ï ¤¢ .�µØ÷ 26.1ý�ú�ðÄþø ������ .ÝþÂ�ð üõ ÂÑ÷ ¤¢ 3�÷¤� ( ²� �Â® ) ñø� �Â® �� �¤ A�� ø ù¢�¢.´¨� ùÀõ� [2℄ ¤¢ �÷¤� ý�ú�Â®

Arens315



2 ÛÊê
À�Ôõ ý¥¤� Ýû ×þ

�ÂÎõ [12℄ ¤¢ ý�ó ø ü÷�õÂúì Í¨�� ü±þÂÖ� ýÂþÁ� ­�±Ö÷� ø ýÂþÁ� ß�Ú÷��õ ��úÔõ �÷�� ý�ûÂ±� ¥� ÀþÀ� ù¢¤ ø¢ ßþ� ý¥¤� Ýû �ó �Öõ ßþ� ¸þ�µ÷ ßþÂµÞúõ ¥� üØþ .Àª.Ýþ¥�¢Â� üõ ö� ¼þÂÈ� �� ÛÊê ßþ� ¤¢ �î ´¨�ÂþÁ� ß�Ú÷��õ A �¤�¬ ßþ� ¤¢ ,Àª��  �÷�� Â±� ×þ A Ý��î ­Âê .��Ìì 1.2:À�ª�� ¤�ÂìÂ� Âþ¥ ¥ ¤� Ýû ¯Âª ø¢ ¥� üØþ Âð� �ú�� ø Âð� ´¨� ü±þÂÖ�:A℄ ¥� a Â û ý�Â � � î ü Þ Æ Ö � À ª� � ¢� �� õ (A℄
̂A℄)�� ¤¢ (Mv)¤� � .(1).���(Mv)! e ø a:Mv �Mv:a! 0:A℄ ¥� a Âû ý�Â� �î üÞÆÖ� Àª�� ¢���õ (A℄
̂A℄)�� ¤¢ (M 0v)¤�� .(2).���(M 0v) = e ø a:M 0v �M 0v:a! 0ß�Ú÷��õ �f±þÂÖ� - !� ¤�Î� A Âð� ø ´¨� �Â÷ �� üþ�ÂÚÞû �¹�þ� ¤¢ �î À��î ���� �µ±ó�.Àª�� üõ !� ý��ó���� ¤¢ ��� ý�û üþ�ÂÚÞû Àª�� ÂþÁ�16



À�Ôõ ý¥¤� Ýû ×þ 2 ÛÊê2 . [12℄ . ö�ûÂ��Â® ´ª�Ú÷ a 
 b ! a:b �Î��® �� � :A℄
̂A℄ ! A℄ ´ª�Ú÷ .�µØ÷ 2.2Õ±Ï ö�� .ÝþÂ�ð üõ ÂÑ÷ ¤¢ A�� �� (A℄
̂A℄)�� ¥� ´ª�Ú÷ �¤ ��� ø ¢�ª üõ ùÀ�õ�÷��� ö�� ø ´¨� ñ�Ú� !� ý��ó���� �� (A℄
̂A℄)�� ¤¢ A℄
̂A℄ ßþ�µªÀÜð ��Ìì.´¨� �µ¨��� - !� ¤�Î� ��� Å� ,Àª�� üõ � â�¨�� ¥� Û¬�� ´ª�Ú÷ÂþÁ� ­�±Ö÷� A �¤�¬ ßþ� ¤¢ ,´¨�  �÷�� Â±� ×þ A Ý��î­Âê .��Ìì 3.2:À�ª�� ¤�ÂìÂ� Âþ¥ ¥ ¤� Ýû ¯Âª ø¢ ¥� üØþ Âû Âð� �ú�� ø Âð� ´¨� ü±þÂÖ�:A℄ ¥� a Â û ý�Â � � î ü Þ Æ Ö � À ª� � ¢� �� õ A℄
̂A℄ ¤¢ (Mv)¤� � .(1).�(Mv)! e ø a:Mv �Mv:a! 0:A℄ ¥� a Âû ý�Â� �î üÞÆÖ� Àª�� ¢���õ A℄
̂A℄ ¤¢ (M 0v)¤�� .(2).�(M 0v) = e ø a:M 0v �M 0v:a! 0ý�Â� �î üÞÆÖ� À�ª�� ¢���õ A ¤¢ (Gv)ø (Fv)ø A
̂A ¤¢ (M 00v ) ý�û¤�� .(3):Ýþ¤�¢ A ¥� a Âû.a:M 00v �M 00v :a + Fv 
 a� a
Gv ! 0 .(�).Gv:a! a ø a:Fv ! a .(�).�(M 00v ):a� Fv:a�Gv:a! 0 .(�)2 .[12℄ . ö�ûÂ�(�f ± þÂÖ� ) A �¤�¬ ßþ� ¤¢ ,´¨�  �÷� � Â±� ×þ A Ý��î ­Âê .��Ìì 4.2.Àª�� ÂþÁ� ß�Ú÷��õ (�f±þÂÖ�) A℄ Âð� �ú�� ø Âð� ´¨� ÂþÁ� ß�Ú÷��õ
17



À�Ôõ ý¥¤� Ýû ×þ 2 ÛÊê2 .[12℄ . ö�ûÂ�üõ ÛÊê ßþ� üÜ¬� ý¥¤� Ýû ��±�� ø ö��� �� ��õø�Üõ ø ��õÀÖõ ßþ� ö��� �� ñ��:Ýþ¥�¢ Â�:À÷¥ ¤� Ýû Âþ¥ ý�û ù¤��ð .Àª��  �÷�� Â±� ×þ A Ý��î ­Âê .��Ìì 5.2.´¨� ü±þÂÖ� ÂþÁ� ­�±Ö÷� A .(1).´¨� ü±þÂÖ� ÂþÁ� ß�Ú÷��õ A .(2).´¨� ü±þÂÖ� ÂþÁ� ß�Ú÷��õ - !� ,A .(3)��÷ ( X ö�ðø¢) X� ,X Û·õ  �÷�� �êÂÏ ø¢ ñøÀõ - A Âû ý�Â� ö�� .ö�ûÂ���÷ (3) �� (2) ��±�� .¢�ª üõ ��±�� (2) �� (1) ´¨�  �÷�� �êÂÏ ø¢ ñøÀõ - A×þÛõ�î ý�Â� Å� .Àª�� üõ üúþÀ� ,´¨� ÂµÔ�ã® �Â÷ ý��ó���� ¥� !� ý��ó���� ö��.Ý�û¢ üõ ö�È÷ �¤ (1) �� (3) öÀªÂþÁ� ß�Ú÷��õ - !� ¤�Î� ��÷ A℄ ,4.2 ��Ìì Õ±Ï .Àª�� ¤�ÂìÂ� (3) �î Ý��î ­Âê´¨� ¢���õ (A℄
̂A℄)�� ¤¢ (Mv) ¤�� 1.2 ��Ìì �� ���� �� ñ�� .´¨� ü±þÂÖ�¤¢ °� �Â � � � ���(Mv) ! e ø a:Mv �Mv:a ! 0 A℄ ¥� a Âû ý�Â � � î üÞÆÖ �.A�� ø A℄
̂A℄ ¥� !� ý��ó����,!� ý��ó���� �þ�� Â¬��ä �Ø�þ� �� ���� �� .´¨� ùÀª ¤��µ¡� � > 0 Ý��î ­Âê ñ��� ø A℄¥� F üû��µõ ý�û �ä�Þ¹õ ,¢�ª üõ À�ó�� Â¬��ä ¥� üû��µõ ¢�Àã� ×þ �Ü�¨��.Ý��î üõ ¤��µ¡� �¤ (A℄
̂A℄)� ¥� N ø (A℄)�¥�:�î üÞÆÖ� ¢¤�¢ ¢��ø ý� v Å� ,!� ý��ó���� �� a:Mv �Mv:a! 0 ö��
18



À�Ôõ ý¥¤� Ýû ×þ 2 ÛÊêj < a:f � f:a;Mv > j = j < f; a:Mv �Mv:a > j < �üÞÆÖ� ¢¤�¢ ¢��ø ý� v ��÷ �¹�þ� ¤¢ Å� !� ý��ó���� �� ���(Mv)! e ö�� ��÷ ø :�îj < �; ���(Mv)� e > j < �.´¨� ¤�ÂìÂ� N ¥� f Âû ø � ¥� � Âûø F ¥� a Âû ý�¥� �� ��� �ó¢�ãõ�÷ ø¢¢¤�¢ ¢��ø A℄
̂A℄ ¥� (mvi ) ¤�� ,v Âû ý�Â� ßþ�µªÀÜð ��Ìì Õ±Ï:Ýþ¤�¢ i°¨��õ ÅþÀ÷� ý�¥� �� Å� ,!� ý��ó���� �� m̂vi ! Mv �î üÞÆÖ�j < a:f � f:a;Mv > � < a:f � f:a;mvi > j < �ßþ�Â���� ´¨� ÂµØ��î � ¥� j < a:f � f:a;Mv > j ¢�¡ ö�� øj < f; a:mvi �mvi :a > j = j < a:f � f:a;mvi > j < �:Ýþ¤�¢ ´¨� �µ¨��� - !� ,��� ö�� ��÷ øj < �; �(mvi )� e > j < �.´¨� ¤�ÂìÂ� N ¥� f Âû ø � ¥� � Âûø F ¥� a Âû ý�¥� �� ��� �ó¢�ãõ�÷ ø¢ �î´¨� ¢���õ A℄
̂A℄ ¥� (m�) À�÷�õ ý¤�� �î ¢�ª üõ �¹�µ÷ ë�ê ¶½� ¥� ßþ�Â����Ó�ã® ¤�Ï �� �(m�)! e ø a:m� �m�:a! 0 ,Ýþ¤�¢ A℄ ¥� a Âû ý�Â� �î üÞÆÖ�.A℄ ø A℄
̂A℄ ¤¢ °�� Â� �� ø:Ýþ¤�¢ F = fa1; a2; :::; ang Û·õ A℄ ¥� F üû��µõ �ä�Þ¹õ Âû ý�Â� ö�þ�� ¤¢(a1:m� �m�:a1; a2:m� �m�:a2; :::; an:m� �m�:an; �(m�))! (0;0; :::; e):ßþ�Â���� .(A℄
̂A℄)n � A℄ ¤¢ Ó�ã® ¤�Î�
19



À�Ôõ ý¥¤� Ýû ×þ 2 ÛÊê(0;0; :::; e) 2 !��
lf(a1:m��m�:a1; a2:m��m�:a2; :::; an:m��m�:an; �(m�)gö�� �õ�(0;0; :::; e) 2 !��
lf(a1:m��m�:a1; a2:m��m�:a2; :::; an:m��m�:an; �(m�)g �!� � 
l; 
onf(a1:m� �m�:a1; a2:m� �m�:a2; :::; an:m� �m�:an; �(m�)g:�� ´¨� ÕÜãµõ (0;0; :::; e) Å�!� � 
l; 
onf(a1:m� �m�:a1; a2:m� �m�:a2; :::; an:m� �m�:an; �(m�)güÞÆÖ� 
ofm�g �Ìä ý� u�;F ,� > 0 ý�Â� �î Àû¢ üõ �¹�µ÷  �÷�� ö�û��Ìì ñ�� :�îka:u�;F � u�;F :ak < � ; k�(u�;F )� ek < �2 .¢�ª üõ �¹�µ÷ (1) ,3.2 ��Ìì �� ���� �� ñ�� .F �� ÕÜãµõ a Âû ý�Â���úÔõ ø¢ A  �÷�� Â±� ×þ ý�Â� ,(b) ´ÞÆì [14℄ ¥� 5.11 ÂîÁ� Õ±Ï .ÂîÁ� 6.2¥ ¤� Ýû ,ü±þÂÖ� ýÂþÁ� ­�±Ö÷� ý��ó�±÷¢ ¤�Î� ø ü±þÂÖ� ÂþÁ� ß�Ú÷��õ ý��ó�±÷¢ ¤�Î�.À�ª�� üÞ÷
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3 ÛÊê
´¡���Øþ Ý�û�Ôõ

ø  �÷�� �êÂÏ ø¢ ñøÀõ - A×þ X , �÷�� Â±� ×þ A Ý��î ­Âê .ÓþÂã� 1.3ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ ¤�Î� Â±� ×þ �¤ A .Àª�� �µ¨��� ÕµÈõ ×þ D : A! X�(�i) �ó�±÷¢ ü�ãþ .¢¥ °þÂÖ� A �Øþ ý�ð ýø¤ ´¡���Øþ ¤�Î� ö��µ� �¤ D Âð� Ý���ð ÂþÁ�:Ýþ¤�¢ A �Øþ ý�ð ¥� a Âû ý�Â� �î Àª�� ¢���õ X� ¤¢D(a) = k:k � limi ad�i(a)ñ�� .´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ ¤�Î� ,ÂþÁ� ß�Ú÷��õ  �÷�� Â±� Âû ��®��.Ýþ¥�¢Â� üõ °ÜÎõ ßþ� ÅØä ��±�� �� ÛÊê ßþ� ¤¢�Â® ´ª�Ú÷ � :A℄
̂A℄op ! A℄ ø  �÷�� Â±� ×þ A Ý��î ­Âê .��Ìì 2.3�Â® âì�ø ¤¢ ,ùÀª ÅØäÂ� Ç�Â® �î �ø�Ô� ßþ� �� ´¨� A℄ Â±� ö�Þû A℄op )Àª��baø Àû¢ üõ ö�È÷ �¤ A℄op ¤¢ �Â® a:b ,a:b := ba ,¢�ª üõ ÓþÂã� �÷�ð ßþ� A℄op ¤¢ý�¤�¢ K0 = ker� Âð� �ú��ø Âð� ´¨� ÂþÁ� ß�Ú÷��õ A �¤�¬ ßþ� ¤¢ ( A℄ ¤¢ �Â®21



´¡���Øþ Ý�û�Ôõ 3 ÛÊê.Àª�� ¤�À÷�Âî ´¨�¤ ü±þÂÖ� ü÷�Þû ×þ2 .6 ´ÞÆì 2.25 ��Ìì ,[16℄ .ö�ûÂ�Âð� �ú�� ø Âð� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ ¤�Î� A  �÷�� Â±� .��Ìì 3.3.Àª�� ÂþÁ� ß�Ú÷��õ4.2 ��Ìì Â� ��� .´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ ¤�Î� A Ý��î ­Âê .ö�ûÂ�¥� öøÀ� Å� .Àª�� ÂþÁ� ß�Ú÷��õ A Âð� �ú�� ø Âð� ´¨� ÂþÁ� ß�Ú÷��õ A℄  �÷�� Â±�e �� �¤ �Ìä ßþ� ø ´¨� (�Øþ)À��ø �Ìä ý�¤�¢ A Ý��î üõ ­Âê ´�Üî ö¢�¢ ´¨¢.Ý�û¢ üõ Çþ�Þ÷(a
 b):(

 d) = a

 bd (a; b; 
; d 2 A) �Â® �� �¤ A
̂Aop  �÷�� Â±� ñ��.ÝþÂ�ð üõ ÂÑ÷ ¤¢ß�Ú÷��õ ý�Â� 2.3 ��Ìì Â� ��� ,Àª�� �Â® ´ª�Ú÷ � :A
̂Aop ! A Ý��î­Âê¤�À÷�Âî ´¨�¤ ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ K0 = ker� Ý��î ´��� ´¨� üê�î ö¢�� ÂþÁ�×þ ý�¤�¢ K��0 [1℄ ¥� 4.11 ù¤�� ð ø [7℄ ¥� 3.33 � �Ìì Õ±Ï ñ¢� ã õ ¤�Î � � þ Àª� � üõ.Àª�� ´¨�¤ ü÷�Þû:Ýþ¤�¢ ��� �Â® ÓþÂã� Â� ��� A
̂Aop �Ìä t ø A ¥� a; b Âû ý�¥� ��(a
 b):t = a:t:b (1)¤�ÂìÂ� ��÷ (A
̂Aop)�� �Ìä t Âû ý�¥� �� (1)�Â® ÛÞä üÚµ¨��� - !� Õ±Ï ñ��:Ýþ¤�¢ s = Pj aj 
 bj 2 K0 ý�Â� ù�Ú÷� ,t 2 K��0 Ý��î üõ ­Âê ñ�� .´¨�:¢�ª üõ �¹�µ÷ (1) ¥� ù¢�Ôµ¨� �� ø �(s) = Pj ajbj = 0
22



´¡���Øþ Ý�û�Ôõ 3 ÛÊêst� s = Pj(aj 
 bj):t� tPj ajbj �Pj aj 
 bj + e
Pj ajbj= Pj(aj:t� t:aj � aj 
 e + e
 aj):bj:Àþ� üõ ´¨À� ,ÝþÂ�ð üõ �Â÷ ��� �Î��¤ ß�êÂÏ ¥� ñ��kst� sk 6 Pj kajkkbjk supa2A1 ka:t� t:a� a
 e + e
 ak:Ýþ¤�¢ ßþ�Â���� .´¨� A �Øþ ý�ð A1 �îkst� sk 6 ksk supa2A1 ka:t� t:a� a
 e + e
 ak (s 2 K0) (2)(si) À � ÷� õ ý¤� � ß þ� µ ªÀ Ü ð � �Ì ì Õ ±Ï .Ý þÂ � ð üõ ÂÑ ÷ ¤¢ �¤ s 2 K��0 ñ��ß þ�Â �� � � .!� ý�� ó� �� � � � si ! s ø ksik 6ksk � î ü Þ Æ Ö � ´¨� ¢� �� õ K0 ¤¢.!� ý��ó���� �� sit� si ! st� s¥� ù¢� Ô µ¨� � � �î j(sit � si)(f) � (st � s)(f)j < � Ýþ¤�¢ K�0 ¥� f Âû ý�Â � Å�:ßþ�Â���� j(st� s)(f)j < j(sit� si)(f)j+ � ,Àþ� üõ ´¨À� ÕÜÎõ ¤Àì «��¡kst� sk 6 supiksit� sik :Ýþ¤�¢ Å�kst� sk 6 supiksit� sik 6 supi ksik supa2A1 ka:t� t:a� a
 e+ e
 ak6 ksk supa2A1 ka:t� t:a� a
 e + e
 ak.´¨� ´¨¤¢ ��÷ K��0 �� ÕÜãµõ s Âû ý�¥� �� (2) �Î��¤ Å�.´¨� �µ¨��� ÕµÈõ ×þ D(a) = a
 e� e
 a �Î��® �� D : A! K��0 ´ª�Ú÷ý�û ­Âê �� ���� �� ßþ�Â���� ´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ ¤�Î� A ö��:�î À÷¢���õ �n ! 0 �î (�n) �ó�±÷¢ ß��»Þû ø K��0 ¤¢ (tn) �ó�±÷¢ ��Ìì23



´¡���Øþ Ý�û�Ôõ 3 ÛÊêka:tn � tn:a� a
 e+ e
 ak 6 �nkak (a 2 A) (3)¤¢ �tn(s) = s:tn ÓþÂã� �� (3) ø (2) Â� ��� �tn : K��0 ! K��0 ÂÚÜÞä ßþ�Â������Ìì Â� ���.À�î üõ ëÀ¬ ï¤�� üê�î ¤ÀÖ� ý�û n ý�Â� k�tn � idK��0 k < 1 ¯Âª°¨��õ n ý�¥� �� �tn Å� .´¨� ÂþÁ³÷ø ¤�ø ï¤�� üê�î ¤ÀÖ� ý�û n ý�Â� �tn ,4.1Âû ý�Â� ñ�� .x:tn = tn �î üÞÆÖ� ¢¤�¢ ¢��ø K��0 �� ÕÜãµõ ý� x ßþ�Â���� ,´¨�ª��.(yx� y)tn = 0 ,Àû¢ üõ �¹�µ÷ ��÷ ßþ� �î y:x:tn = y:tn ,Ýþ¤�¢ K��0 �Ìä yÅ� .yx = y �î ¢�ª üõ �¹�µ÷ ( °¨��õ n ý�Â�) �tn ö¢�� ×þ �� ×þ ´�¬�¡ ¥�2 .´¨� ÂþÁ� ß�Ú÷��õ A ßþ�Â���� .´¨� ´¨�¤ ü÷�Þû ×þ ý�¤�¢ K��0Âð� �ú��ø Âð� ´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ´¡���Øþ ¤�Î� A  �÷�� Â±� .��Ìì 4.3.Àª�� ÂþÁ� ­�±Ö÷�2. [12℄ ¥� 4.1 ��Ìì .ö�ûÂ��f ±þÂÖ� ´¡���Øþ ¤�Î� ��úÔõ ø¢ �î Àû¢ üõ ö�È÷ ��� �b �Ìì ø¢ .�µØ÷ 5.3ñ¢�ãõ Âð� ö�� .À�µÆ�÷ ñ¢�ãõ Ýû �� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ´¡���Øþ ¤�Î� ø ÂþÁ� ß�Ú÷��õ´ó�� ¤¢ �î À÷�ª üõ ñ¢�ãõ Ýû �� ýÂþÁ� ­�±Ö÷� ø ýÂþÁ� ß�Ú÷��õ ��úÔõ ø¢ À÷�ª.Àª�� üÞ÷ ´¨¤¢ �ÜÿÆõ ßþ� üÜîÂþÁ� ­�±Ö÷�  �÷�� Â±� ×þ �î ´¨� ù¢�¢ ö�È÷ [21℄ �b ó�Öõ 6.2 ��Ìì ¤¢ Å��Âî.´¨� ´¿þÂØþ Cn �� ý� n ý�¥� �� ü�ãþ ´¨� üû��µõ Àã� �� ,üþ�¹���ßþ� ÝþÂ�Ú� ÂÑ÷ ¤¢ Àã� üû��µõ �÷ ø ÂþÁ� ß�Ú÷��õ ø üþ�¹���  �÷�� Â±� ×þ Âð� ñ��.À�µÆ�÷ ¥ ¤� Ýû ,Ýû �� ´ó�� ßþ� ¤¢ ýÂþÁ� ß�Ú÷��õø ýÂþÁ� ­�±Ö÷� ü�ãþ ��úÔõ ø¢
24



´¡���Øþ Ý�û�Ôõ 3 ÛÊêÂ±� ×þ ,´¨� R ¥�ÂþÁ��÷ ©¤�Þª �ä�Þ¹õ Âþ¥ ×þ S �î 
0(S) ñ�·õ ö���ä ��.´Æ�÷ ÂþÁ� ­�±Ö÷� Å� ,´¨� Àã� üû��µõ�÷ ÂþÁ� ß�Ú÷��õ  �÷��ÂþÁ� ß�Ú÷��õ ,ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ø üû��µõ Àã� ��  �÷�� Â±� Âû .�¹�µ÷ 6.3.´¨�ù�Ú÷� Àª�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ø Àã� üû��µõ A Û·õ  �÷�� Â±� ×þ Âð� .ö�ûÂ�Û±ì ��Ìì ¥� �¹�µ÷ ßþ�Â���� .´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ ¤�Î�  �÷�� Â±� ßþ�2 .Àþ� üõ ´¨À�
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4 ÛÊê
ü��ó�±÷¢ ý�Ìê

 �÷�� Â±� Âþ¥ Âû .´¨� C �� N ¥� â���� �Þû ý�Ìê CN À��î­Âê .ÓþÂã� 1.4Âþ¥ 
00 ö� ¤¢ �î 
00 � A �Ø�þ� Â� ¯øÂÈõ À�õ�÷ üõ ý� �ó�±÷¢  �÷�� Â±� ×þ �¤ CNý�Ìê ¤¢ ö�� âì�ø ¤¢) ù¢ÂÈê ÛÞ½õ ý�¤�¢ ´¨� üþ�û �ó�±÷¢ ¥� ÛØÈµõ CN ¥� ýÂ±�üõ CC(N) ö�Þû 
00 ,Àª�� üû��µõ Âð� �ú��ø Âð� ´¨� ù¢ÂÈê �ä�Þ¹õ Âþ¥ ×þ �µÆÆðÓó�¿õ Çþ�Ìä� ¥� üû��µõ ¢�Àã� ÍÖê �î ´¨� üþ�û �ó�±÷¢ Ûõ�ª 
00 ü�ãþ (Àª��.´¨�ÂÔ¬�ó�±÷¢  �÷�� ý�ûÂ±� 1 6 p 61 ý�Â� lp = lp(N)ø 
0 = 
0(N) ñ�·õ ö���ä ��.À�µÆû N ýø¤ ý�ü÷�Þû ý�¤�¢ ùÀª �µ¡��ª ÂþÁ� ß�Ú÷��õ �f±þÂÖ�  �÷�� ý�ûÂ±� üõ�Þ� .�µØ÷ 2.4�f±þÂÖ�  �÷�� ý�ûÂ±� ¢¤�õ ¤¢ üÜî ´ó�� ¤¢ �î �� ö� üóø ,À�ª�� üõ ¤�À÷�Âî ü±þÂÖ�,�êÂÎØþ ü±þÂÖ� ü÷�Þû ý�¤�¢ �ûÂ±� ßþ� �î ´¨� ßþ� ´Ôð ö��� üõ ÂþÁ� ß�Ú÷��õ26



ü��ó�±÷¢ ý�Ìê 4 ÛÊê.À�ª�� üõ ö�Âî ü� �f �Þµ��Íþ�Âª ßþ� ´½� �î Ý����� �¤ üÎþ�Âª �î ´¨� °ó�� �õ ý�Â� °ÜÎõ ßþ� ßþ�Â����.Àª�� ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ý�¤�¢ ÂþÁ� ß�Ú÷��õ �f±þÂÖ�  �÷�� Â±� ×þý�¤�¢ A ù�Ú÷� ,Àª�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ�  �÷�� Â±� ×þ A Ý��î ­Âê .Ýó 3.4.Àª�� üõ ²� ø ´¨�¤ ü±þÂÖ� ü÷�Þû2 .[12℄ ¥� 2.2 Ýó .ö�ûÂ�ü±þÂÖ� ü÷�Þû ý�¤�¢ A  �÷�� Â±� �î üõ�Ú�û [1℄ ¥� 11.6 ù¤��ð Õ±Ï .�µØ÷ 4.4¤�À÷�Âî �êÂÏ ø¢ ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ Â±� ßþ� ù�Ú÷� ,Àª�� ¤�À÷�Âî ´¨�¤ø ²�ü÷�Þû (f�)�2Mø ¤�À÷�Âî ²� ü±þÂÖ� ü÷�Þû (e�)�2� Âð� �î �¤�¬ ßþ� �� .´¨�ü÷�Þû ×þ (f� + e� � f�e�)(�;�)2(��M) Ýþ¤�¢ ù�Ú ÷� Àª� � ¤� À ÷�Â î ´¨�¤ ü± þÂÖ �.´¨� A ý�Â� ¤�À÷�Âî �êÂÏ ø¢ ü±þÂÖ�� . �0 Âð� (�; �) . (�0; �0) :�Î��¤ �� ¤�Àµú� �ä�Þ¹õ ×þ ��M �¹�þ� ¤¢ �µ±ó�.(�; �0 2Mø �; �0 2 �) Àª�� üõ � . �0øk(f� + e� � f�e�)x� xk = ke�x� x + f�x� f�e�xk6 ke�x� xk + kf�kkx� e�xk�î ´¨� ��Üãõ ��®ø �� Å� ´¨� ü±þÂÖ� ü÷�Þû ×þ (e�) ø ¤�À÷�Âî (f�) ö��ü÷�Þû ×þ ���Èõ ¤�Î� ø ´¨� ¤�À÷�Âî ²� ü±þÂÖ� ü÷�Þû ×þ (f� + e� � f�e�).Àª�� üõ ��÷ ¤�À÷�Âî ´¨�¤ ü±þÂÖ�ý�Â� .Àª�� üÞ÷ ¤�ÂìÂ� ü±þÂÖ� ý�û ü÷�Þû ö¢�� ö�Âî ü� ´ó�� ¤¢ ÝØ� ßþ� �õ�27



ü��ó�±÷¢ ý�Ìê 4 ÛÊê.À��î �ã��Âõ [7℄ ¥� 2.2 ñ�·õ �� �Î��¤ ßþ� ¤¢ üó�·õ ùÀû�Èõüê�î ý� �ó�±÷¢ ö¢�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ý�Â� Âþ¥ Íþ�Âª ¥� ×þ Âû .��Ìì 5.4:´¨�� î üÞÆ Ö � Àª� � � µ ª�¢ ¢��ø A
̂A ¤¢ (Gn) � ó� ± ÷¢ A  � ÷� � Â ± � ý�Â � .(1):Ý�ª�� �µª�¢ A �� ÕÜãµõ a Âû ý�Â� ø (´¨� �Â® ´ª�Ú÷ �) �(Gn) = eka:Gn �Gn:ak ! 0.Àª�� 
00 ¤¢ ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ×þ �� ý� �ó �±÷¢  �÷�� Â±� A .(2)2 .[5℄ ¥� 3.5 ø 2.2 ¸þ�µ÷ . ö�ûÂ�ø En = �[1;n℄ Ý � û¢ ü õ ¤�Â ì N � Ì ä n Â û ý�¥� � � .ý¤�Á ð ¢� Þ ÷ 6.4.(À�µÆû 
00 �Ìä ø¢ Âû En ø en) en = �fng×þ (Enk) �î üÞÆÖ� ´¨� ý� �ó�±÷¢  �÷�� Â±� ×þ A Ý��î ­Âê .��Ìì 7.4ý� �ó�±÷¢ ¤�Î� A ù�Ú÷� .´¨� ý¢�ã¬ (nk) ö� ¤¢ �î ´¨� ¤�À÷�Âî ü±þÂÖ� ü÷�Þû�ó�±÷¢ ¤�Î� ,´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A ö��) ´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ�ý� �ó�±÷¢ ü±þÂÖ� ü÷�Þû ×þ A Âð� �ú�� ø Âð�(¢�ª üõ ��÷ ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ý�.Àª�� �µª�¢ 
00 ¤¢ ¤�À÷�ÂîÝ��î ­Âê ��÷ ø ,´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A Ý��î­Âê . ö�ûÂ�.´¨� ùÀõ� ´¨À� �¹�µ÷ �¤�Ê�þ� Â�è ¤¢ ö�� ,´¨� ö�Âî ü� (Enk)Â ¬� � ä ¥� ö�Â î ü � � ó� ± ÷¢ × þ Pk = Enk+1 � Enk Ý � � î ü õ ­Â êâ ì�ø ¤¢ .(� ó� ± ÷¢ Â þ¥ × þ � � á� �¤�� � ¥� � ÷ �¤� ¬¤¢) ´ ¨� ö�� �¢� ¡
28



ü��ó�±÷¢ ý�Ìê 4 ÛÊêù¢Â î ¤� � µ ¡� ï¤� � ¤À Ö ÷� �¤ nk ´ ¨� ü ± þÂ Ö � ü ÷� Þ û × þ (Enk) ö� �:Ýþ¤�¢ Å� À÷�ª üØþ Enk+1 � � Enk+1Enk+1 ø Enk � � EnkEnk ,Ek� � Enk+1Enk �î(Enk+1�Enk)2 = E2nk+1+E2nk�2Enk+1Enk=Enk+1+Enk�2Enk = Enk+1�Enk.À�µÆû ö���¢�¡ �û Pk Å�ÓþÂã� Tkx = xEnk �Î��® �� �¤ Tk : A! A ´ª�Ú÷ .P0 = En1 Ý�û¢ üõ ¤�Âìü÷�Þû �� ý��ÎÖ÷ (Tk) �b ó�±÷¢ ´¨� ü±þÂÖ� ü÷�Þû ×þ (Enk) ö�� ù�Ú÷� .Ý��î üõ¢¤�¢ ¢��ø ý� B > 0 ´¡���Øþ ý¤�À÷�Âî ��Ìì ¥� ù¢�Ôµ¨� �� ßþ�Â���� ,À�î üõ Û�õÝþ¤�¢ ,Qk = Tk+1 � Tk Ý�û¢ üõ ¤�Âì ñ�� .�û k ��Þ� ý�Â� kTkk 6 B �î üÞÆÖ�.Zk = PkkPkk Ý�û¢ üõ ¤�Âì ��÷ ø k Âû ý�Â� kQkk 6 2B¤¢ (Mn) �b ó�±÷¢ �î ¢�ª üõ �¹�µ÷ 3.2 �b �Ìì ø ��Ìì ��®øÂÔõ ¥� ù¢�Ôµ¨� �� ñ��ø ´¨� A ý�Â� ü±þÂÖ� ü÷�Þû ×þ (Fn) �î üÞÆÖ� À÷¤�¢ ¢��ø A ¤¢ (Fn) ø A
̂A:Ýþ¤�¢ A �� ÕÜãµõ x Âû ý�Â�x:Mn �Mn:x� x
 Fn + Fn 
 x! 0Å� ´¨� A ý�Â � ü ± þÂ Ö � ü ÷� Þ û × þ Enk ö� � ,À ª� � A � � Õ Ü ã µ õ x Â ð�´¨� ñ�Ú� A ¤¢ 
00 ßþ�Â �� � � ´¨� 
00 �� ÕÜãµõ Enkx ö�� Å� x � Enkx ! 0Enkx 2 
00 Å� ¢Â�ð üõ ¤�Âì supp Enk Âþ¥ supp EnkxÅ� ,x 2 A ø Enk 2 
00).´¨� 
00 �� ÕÜãµõ Fn ø 
00 
 
00 �� ÕÜãµõ Mn �î ¢Âî ­Âê ö��µ�õ Å� .(´ª�Ú÷ ý�Â� ´¡���Øþ ý¤�À÷�Âî �b �Ìì ¥� ù¢�Ôµ¨� ��L Û·õ üµ±·õ ´��� ,A
̂A ý�µ� A ¥� x ! x:Mn �Mn:x � x 
 Fn + Fn 
 x
29



ü��ó�±÷¢ ý�Ìê 4 ÛÊê:�î üÞÆÖ� ´¨� ¢���õkx:Mn �Mn:x� x
 Fn + Fn 
 xk 6 Lkxk (n 2 N) (3):Ýþ¤�¢ ,x = Zk Ý�û¢ üõ ¤�Âì (3) ¤¢ ñ��kZk:Mn �Mn:Zk � Zk 
 Fn + Fn 
 Zkk 6 L (n 2 N) (4)� î Mn = Pi(Pj a(n)ij ej) 
 (Pl b(n)il el) ø Fn = Pj f (n)j ej Ý � � î üõ ­Âê ñ��Pi k(Pj a(n)ij ej)kk(Pl b(n)il el)k 6 kMnk+ 1¥� ×þ Âû ,À÷¤�¢ ÕÜã� 
00 
 
00ø 
00 �� °��Â� �� Mn ø Fn ö�� À��î ���� �µ±ó�.À�ª�� üõ C �� ÕÜãµõ i; j; n Âû ý�Â� f (n)j ø aij ��÷ ø ´¨� üû��µõ ��� ý�û âÞ�:Ýþ¤�¢ ñ��kPkk(Zk:Mn �Mn:Zk � Zk 
 F )= Pk:Mn �Mn:Pk � Pk 
 Fn= Pi(Pnk+1j=nk+1 a(n)ik ej)
 (Pj b(n)ij ej)�Pi(Pj a(n)ij ej)
 (Pnk+1l=nk+1 b(n)il el)�Pnk+1j=nk+1 ej 
 (PiPni+1l=ni+1 f (n)l el):Ýþ¤�¢ ,ZkPk = Pk Å� ´¨� ö��� ¢�¡ Pk ö�� �î À��î ����kPkk(Zk:Mn:Pk�Mn:Zk:Pk�Zk
Fn:Pk)= Pi(Pnk+1j=nk+1 a(n)ik ej)
 (Pnk+1l=nk+1 b(n)il el)�Pi(Pj a(n)ij ej)
 (Pnk+1l=nk+1 b(n)il el)�Pnk+1j=nk+1 ej 
Pnk+1l=nk+1 f (n)l el: (5)kPkkPnk+1j=nk+1 ej ,k Âû ý�Â � .À þÂ �Ú � ÂÑ ÷ ¤¢ �¤ (5) ´¨�¤ ´Þ¨ �ÜÞ� ñ��¥� �Â® ß��»Þû .k ! 1 �î üµìø Pnk+1l=nk+1 f (n)l el ! 0 ø ´¨� À��ø �Â ÷ ý�¤�¢
30



ü��ó�±÷¢ ý�Ìê 4 ÛÊê:ö��)´¨� 2B ö�Âî �� ,´ª�Ú÷ ×þ �û Pk �b Ü�¨�� ´¨�¤k(a
 b):Pkk = ka
 bPkk = ka
 Tkbk 6 kakkTkbk 6 kakkbkkTkk(6 kakkbk2BkPi(Pnk+1j=nk+1 a(n)ik ej)� (Pi anijej)k 6 (1+ 2B)kPi(Pj a(n)ij ej)k :Ýþ¤�¢ ñ��:�Â÷ ý�¤�¢ Â·î�À� (5) ¤¢ ÂÚþ¢ ��Þ� ßþ�Â����kPiPnk+1nk+1 a(n)ik ej�PiPj a(n)ij ejk:k(Pnk+1l=nk+1 b(n)il el)k6 2B(1 + 2B)Pi kPj a(n)ij ejkkPl b(n)il elk6 2B(1 + 2B)(kMnk+ 1):,n Âû ý�Â� �î ÝþÂ�ð üõ �¹�µ÷ ( ´¨� ¢øÀ½õ�÷ �ó�±÷¢ ×þ Pk ) kPkk ! 1 ö��Zk:Mn:Pk �Mn:Zk:Pk � Zk 
 Fn:Pk ! 0 (k !1):Àþ� üõ ´¨À� (4) ¥� �õ�kZk:Mn:Pk �Mn:Zk:Pk � Zk 
 Fn:Pk + Fn 
 Zk:Pkk 6 2BL :ßþ�Â����kFn 
 Zk:Pkk 6 2BL + kZk:Mn:Pk �Mn:Pk � Zk 
 Fn:Pkj:Ýþ¤�¢ k; n Âû ý�Â� ö�� ñ��kFnk = limk kFn 
 Zkk = limk kFn 
 Zk:Pkkü±þÂÖ � ü÷�Þû ×þ (Fn) ßþ�Â �� � � ,´¨� ¤�À ÷�Âî ü± þÂÖ � ü÷�Þû ×þ (Fn) Å�.Àª�� üõ 
00 �ä�Þ¹õ Âþ¥ �î ´¨� A ý�Â� ¤�À÷�Âî ý��ó�±÷¢¥� Å� ,Àª�� üõ 
00 ¤¢ ý� �ó�±÷¢ ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ A Ý��î ­Âê ñ��
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ü��ó�±÷¢ ý�Ìê 4 ÛÊê.´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A �î Àþ �üõ ´¨À� �ø¢ ´ÞÆì 5.4 �b �Ìì2¥� ý��ó�±÷¢ � = (�n) Ý��î ­Âê . 1(ßþ�µª�ß�ê ý�ûÂ±�) ÓþÂã� 8.4:Ý��î üõ ÓþÂã� .Àª�� ´±·õ üÖ�Ö� ¢�Àä�A� := fa = (an) 2 
0 : kak = kak1 +P1n=1 �njan+1 � anj <1g�ÎÖ÷ �Â® �� Ý��î üõ ´��� .´¨�  �÷�� ý�Ìê ×þ ùÀª ù¢�¢ �Â÷ �� A� ��®��À�ª�� A� �� ÕÜãµõ a; b Ý��î ­Âê .À�î üõ ÛþÀ±�  �÷�� Â±� ×þ �� �¤ A� ��� �Â÷ ý�,Ýþ¤�¢kabk = kabk1+P1n=1 �njan+1bn+1�anbnj= kabk1 +P1n=1 �njan+1(bn+1 � bn) + (an+1 � an)bnj6 kak1kbk1 + kak1P1n=1 �njbn+1 � bnj+ kbk1P1n=1 �njan+1 � anj6 kak:kbk .´¨� ý� �ó�±÷¢  �÷�� Â±� ×þ ý� �ÎÖ÷ �Â® ´½� A ßþ�Â����üõ 
00 ¤¢ ñ�ÞÈõ ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ A� Â±� ,� = (�n) ý�Â� .Ýó 9.4Âð� �ú�� ø Âð� (
00 Ǒ��) ´¨� ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ Â±� ßþ� ,ùø �ã� .Àª��.Àª�� lim infn �n <12 .[20 ¥� 5.1 Ýó . ö�ûÂ�Âð� �ú�� ø Âð� ´¨� ÂþÁ� ß�Ú÷��õ A� Â±� ,��� ��®øÂÔõ �� .��Ìì 10.4feinsten algebras1
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ü��ó�±÷¢ ý�Ìê 4 ÛÊê. Pn �n <12 .[10℄ . ö�ûÂ�ý�¤�¢ �È�Þû � = (�n) ý�Â� A� ý�ûÂ±� 6.4 ý¤�Áð ¢�Þ÷ Õ±Ï .�µØ÷ 11.4.À�ª�� üõ (Enk) ÛØª �� ü±þÂÖ� ü÷�Þû ×þÂð� ´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� ,A� ßþ�µª�ß�ê Â±� .�¹�µ÷ 12.4.Àª�� ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ Âð� �ú��ø Âð� ,lim infn �n <1üõ ö�È÷ 7.4 ��Ìì ,Àª�� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A� Âð� . ö�ûÂ�üõ �¹�µ÷ 9.4 Ýó Õ±Ï ��÷ ßþ� ø ´¨� ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ A� �î Àû¢.lim infn �n <1 �î Àû¢×þ ý�¤�¢ A� �î ¢�ª üõ �¹�µ÷ 9.4 Ýó ¥� ù¤��ø¢ lim infn �n < 1 Âð� ÅØã�ý� �ó�±÷¢ ¤�Î� A� �î Àû¢ üõ ö�È÷ 7.4 ��Ìì ñ�� ,´¨� ¤�À÷�Âî ü±þÂÖ� ü÷�Þû2 .´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ�ø 1 6 p < 1 �î p Âû ý�Â� �î À�î üõ ö�� � [5℄ ¥� 4.1 ��Ìì .ÂîÁ� 13.4lp(S) �î ´¨� ßþ� ��Ìì ßþ� ¥� ý¤�ê �¹�µ÷ ×þ ø ´Æ�÷ ÂþÁ� ß�Ú÷��õ �f±þÂÖ� lp(N)ß�Ú÷��õ �f±þÂÖ� ,(ÝþÂ�ð üõ ÂÑ÷ ¤¢ ÂþÁ� ©¤�Þª �¤ S) S üû��µõ �÷ �ä�Þ¹õ Âû ý�Â�¥� 2.2 ù¤��ð) ´¨� ¢���õ lp(S) �� lp(N) ¥� �µ¨��� üµ¿þ¤øÂ� ×þ ö�� Àª�� üÞ÷ ÂþÁ�.(¢ø¤ üõ ¤�Ø� �¹�þ� ¤¢ [12℄�ó�±÷¢ ø (À�µÆû 1 ,� �ó�±÷¢ � �Þ� ��Þ� ü�ãþ) � = (�k = 1) �î A� Â±� ñ��:Ý�û¢ üõ ¤�Âì .ÝþÂ�ð üõ ÂÑ÷ ¤¢ mk > mk�1 + 1 ¯Âª �� �¤ üã�±Ï ¢�Àä� ¥� (mk)33



ü��ó�±÷¢ ý�Ìê 4 ÛÊêI = fx 2 A� :xj = 0 ÂÚõ j 2 (mk)g¯Âª) ´¨� é¤�õø� þ� l1(fmkg) � � �î Àª� � A� ¥� � µÆ � ñ�ùÀ þ� ×þ I Âð� ñ��id : I ! l1(fmkg) ´ª�Ú÷ �î Àû¢ üõ �¹�µ÷ x 2 I Â¬��ä ýø¤ mk > mk�1 + 1� = (�k = 1) ö�� �õ� .Àª�� üÞ÷ ÂþÁ� ß�Ú÷��õ �f±þÂÖ� I Å� ,(¢�È� ÓþÂã� ©�¡­�±Ö÷� �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A� 12.4 �¹�µ÷ Õ±Ï Å� lim infk �k = 1 <1Å�´Ôð ö��� üõ �î Àª�� üõ ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A� �Ø�þ� �þ ´¨� ÂþÁ�ý�û ñ�ùÀþ� �î ´êÂð �¹�µ÷ ö��� üõ ¶½� ßþ� ¥� Å� .´¨�ÂþÁ� ß�Ú÷��õ �f±þÂÖ� A��� �¤ ö¢�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´�¬�¡ �fõø�ó ,ÂþÁ� ß�Ú÷��õ �f±þÂÖ�  �÷�� Â±� ×þ ¥� �µÆ�.À÷Â� üÞ÷ �¤�¤�Âì ,Àª�� mn = minfm;ng �Â® �� N ùøÂð Ý�÷ S Ý��î ­Âê .ñ�·õ 14.4�¤�¬ �� ßª �ó �÷�î �Â® �� A^ = l1(S) Ý�û¢ üõa:b = a � b 2 l1(S) ; (a � b)n = Pi:j aibj = Pminfi;jg=n aibj (a; b 2 l1(S))�î À��î ���� .´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A^ �î Ý�û¢ üõ ö�È÷ ñ����Ö� ø 1 �� Â��Â� ©� �� n �Ìä �î l1 ¥� ´¨� ý�Ìä Æn) fÆn : n 2 Ng �ä�Þ¹õ ö��ßþ� Í¨�� ùÀª À�ó�� ý�Ìê ø ö���¢�¡ ßª�ó�÷�î �Â® �� (À�ª�� ÂÔ¬ �� Â��Â� ©Â¬��ä×þ A Âð� À�î üõ ö��� �î [2℄ ¥� 2.8.72 ù¤��ð Õ±Ï Å� ´¨� ñ�Ú� l1(S) ¤¢ �ä�Þ¹õ¤�Î� A ù�Ú÷ � Àª�� ùÀª À�ó�� Ç÷��� ¢ �¡ Â¬��ä �Ü�¨�� �î Àª�� üþ�¹���  �÷�� Â±�Âû ,´¨� ÂþÁ� ß�Ú÷��õ Ó�ã® ¤�Î�  �÷�� Â±� ×þ A^ Å� .´¨� ÂþÁ� ß�Ú÷��õ Ó�ã®.´Æ�÷ ÂþÁ� ß�Ú÷��õ [9℄ ¥� 2 ��Ìì Õ±Ï Â±� ßþ� À��
34



ü��ó�±÷¢ ý�Ìê 4 ÛÊêÂþÁ� ­�±Ö÷� �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A^ �Ø�þ� ��±�� ü�ãþ ¢�¡ üÜ¬� ¶½� �� ñ��.Ýþ¥�¢ Â� üõ ´¨�:ö�� Ýþ¤�¢ a = Pi aiÆi 2A^ ý�Â�
ÆnÆi = Æn � Æi = 8><>: Æn i > nÆi i 6 n Å�Æna = Pni=1 aiÆi + (Pi>n ai)Æn ! aü÷�Þû ×þ (Æn) ßþ�Â���� .Pni=1 aiÆi ! a ø Pi>n ai ! 0 ,n ! 1 üµì ø ö��´ª�Ú ÷ A^ ý�Â � À ÷� Ô Ü ð Û þÀ ± � [4℄ Õ±Ï .Àª � � ü õ ý� � ó� ± ÷¢ ¤�À ÷�Â î ü ± þÂ Ö �:Àª�� üõ Âþ¥ �Î��® �� � : A^ ! 
0�(x) = (Pi�1 xi;Pi�2 xi; :::)Ý�÷��� üõ �¤ A^ ßþ�Â���� .Àª�� üõ 
00 Ûõ�ª ©¢Â� ø ´¨� ×þ �� ×þ ��®�� �î.´êÂð ÂÑ÷ ¤¢ ý� �ó�±÷¢  �÷�� Â±� ×þ ö���ä ��ÂþÁ� ­�±Ö÷� �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A^ �î Àû¢ üõ ö�È÷ (1) ´ÞÆì 5.4 �b �Ììö�� øÀª�� üõ �(A^) ¤¢ �î ´¨� ¥��÷ ¢¤�õ �ó�±÷¢ En �î ,Gn = En 
 En �� ´¨�Å� �(Æn) = Enö��� ¢�¡ Æn ö��) �(Fn) = Æn ��÷ ø Àª�� üõ A^
̂A^ �� ÕÜãµõ Fn = Æn 
 Æn¤¢ �(F 0n) = 2Æn �î Ý þ¤�¢ ¥� � ÷ [5℄ ¥� 2.3 ù¤�� ð � � üÚ�û �Þû ý�Â � À �� Âû ( ´¨�ø Æ0 = 0 Ý�û¢ üõ ¤�Âì ´Ö�Ö�35



ü��ó�±÷¢ ý�Ìê 4 ÛÊêF 0n = Fn +Pnj=1(Æj � Æj�1)
 (Æj � Æj�1) :Ýþ¤�¢�(F 0n) = Æn +Pnj=1(Æj � Æj�1)(Æj � Æj�1) = Æn +Pnj=1(Æj � Æj�1) = 2Æn.¢¤�¢ �¤ �(F 0n) = 2Æn ¯Âª fF 0ng �ó�±÷¢ Å�ö��Æk(Æj = Æj�1) = 8><>: Æj � Æj�1 j 6 k0 k 6 j � 1
:Ýþ¤�¢ k 6 n ý�Â�Æk:F 0n � F 0n:Æk + Æn 
 Æk � Æk 
 Æn= ÆkPnj=1(Æj � Æj�1)
 (Æj � Æj�1)�Pnj=1(Æj � Æj�1)
 (Æj � Æj�1)Æk= 0 :Ýþ¤�¢ k > n ý�Â� øÆk:F 0n � F 0n:Æk + Æn 
 Æk � Æk 
 Æn =Æk:Fn � Fn:Æk + Æn 
 Æk � Æk 
 Æn:Ýþ¤�¢ A^ �� ÕÜãµõ a Âû ý�Â� ßþ�Â����a:F 0n � F 0n:a + Æn 
 a� a
 Æn= (Pi>n aiÆi):Fn � Fn:(Pi>n aiÆi) + Æn 
 (Pi>n aiÆi)� (Pi>n aiÆi)
 Ænß�Þû ø (Æn 
 Æn) �� Â��Â� Æi(Æn 
 Æn) , i > n Âû ý�Â� Å� Fn = Æn 
 Æn ö���ÜÞ� ø¢ ø .À÷�ª üõ ü·�¡ Ýû �� ��� á�Þ¹õ ¥� ñø� �ÜÞ� ø¢ Å� .(Æn 
 Æn)Æi ¤�Ï�� ö� Pi>n aiÆi ´ÞÆì n!1 �î üµìø ´¨� A^ = l1(S) �� ÕÜãµõ a ö�� Ýû Â¡�36



ü��ó�±÷¢ ý�Ìê 4 ÛÊê:Å� ,À�î üõ Û�õ ÂÔ¬a:F 0n � F 0n:a + Æn 
 a� a
 Æn ! 0�¹�µ÷ �î ´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A^ , [5℄ ¥� 2.3 ù¤��ð Â� ��� Å�.´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A^ Àû¢ üõ.´¨� ü÷�Þû Æ1 ,mn = maxfm;ng �Â® �� A_ = l1(S) ý�Â� ñ��:Ý��î üõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ (Gn) �ó�±÷¢Gn = Æ1 
 Æ1 +Pni=2(2Æi 
 Æi � Æi 
 Æi�1 � Æi�1 
 Æi) (n 2 N):Ýþ¤�¢�(Gn) = Æ1 +Pni=2 �(2Æi 
 Æi)� �(Æi 
 Æi�1)� �(Æi�1 
 Æi)= Æ1 +Pni=2(2Æ2i � ÆiÆi�1 � Æi�1Æi)��÷ ø i 6 j Âð� ÆiÆj = Æj (max �Â®) N ùøÂð Ý�÷ �Â® �� ���� � � ö�� ñ��.�(Gn) = Æ1 Å� ,À�µÆû ö��� ¢�¡ �û Æi ö��:Ýþ¤�¢ l � n ý�Â� ùø �ã�Æl:Gn�Gn:Æl = Æl
 Æ1� Æ1
 Æl +2Pni=2(Æl
 Æi� Æi
 Æl)�Pni=2(Æl 
 Æi�1 + Æl 
 Æi) +Pni=2(Æi 
 Æl + Æi�1 
 Æl)= Æn 
 Æl � Æl 
 Æn: :Ýþ¤�¢ l < n ý�Â� ��÷ øÆl:Gn�Gn:Æl= Æl 
 Æ1 � Æ1 
 Æl + 2Pli=2(Æl 
 Æi � Æi 
 Æl) + 2Pni=l+1(Æi 
 Æi � Æi 
 Æi)37



ü��ó�±÷¢ ý�Ìê 4 ÛÊê�Pli=2 Æl
 Æi�1�Pni=l+1 Æi
 Æi�1�Pni=l+2 Æi�1
 Æi�Pl+1i=2 Æl
 Æi+Pl+1i=2 Æi 
 Æl +Pnl+2 Æi 
 Æi�1 +Pni=l+1 Æi�1 
 Æi +Pli=2 Æi�1 
 Æl:ßþ� ¤¢ ,Ý��î üõ ýÀ�� �µ¨¢ �¤ ´¨� Æl �ú÷� ñø� Ûõ�ä �î �¤ ü��Þ� ��� á�Þ¹õ ¤¢:Ýþ¤�¢ �¤�¬Æl 
 (Æ1 + 2(Pli=2 Æi � Æl)�Pli=2 Æi�1 �Pl+1i=2 Æi + Æl+1 + Æl)ÂÔ¬ Ûî ¤¢ ��� �¤�±ä Å� ¢�ª üõ ÂÔ¬ ��� �¤�±ä ´¨�¤ ´Þ¨ Ûõ �ä ö�� ø.´¨��¤�¬ �� ùÀ÷�õ üì�� ��Þ� ´¨� Æl �ú÷� ñø� Ûõ�ä �î ü��Þ� ýÀ�� �µ¨¢ ¥� Å�:À�ª�� üõ Âþ¥�Æ1
Æl�2Pl�1i=2 Æi
Æl�Pni+1 Æi
Æi�1�Pni=l+2 Æi�1
Æi++Pl�1i=2 Æi
Æl+Æl+1
Æl+Pni=l+2 Æi
Æi�1+Pni=l+2 Æi�1
Æi+Pli=2 Æi�1
Æl::Ýþ¤�¢ n < l ý�Â� ßþ�Â� ��� .À÷�ª üõ ÂÔ¬ üÚÞû ��Þ� ßþ� á�Þ¹õ �îÆl:Gn �Gn:Æl = 0:Ýþ¤�¢ A_ �� ÕÜãµõ a = Pi aiÆi Âû ý�Â� ßþ�Â����a:Gn �Gn:a = Pk�n ak(Æn 
 Æk � Æk 
 Æn)! 0.´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� ,(1) ´ÞÆì 5.4 ��Ìì Õ±Ï A_ ßþ�Â����
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5 ÛÊê
¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ

Ý � � � ð üõ Â þÁ � ß �Ú ÷� � õ �f ± þÂ Ö � ¤�À ÷�Â î ¤�Î � �¤ A  � ÷� � Â ± � .Ó þÂ ã � 1.5,D : A ! X� �µ¨ ��� ÕµÈõ Âû ø X Û·õ  �÷� � �êÂÏ ø¢ ñøÀõ - A Âû ý�Â� Âð�ø Àª�� ¤�À÷�Âî �Â÷ B(A;X�) ¤¢ (ad�i) ¤� � �î üÞÆÖ� Àª�� ¢���õ X� ¤¢ (�i) ¤� �D(a) = limi ad�i(a) (a 2 A)ñøÀõ - A Âû ý�Â� Âð� Ý���ð üõ ÂþÁ� ­�±Ö÷� �f±þÂÖ� ¤�À÷�Âî ¤�Î� �¤ A  �÷�� Â±�¤¢ (adxi) X ¤¢ (xi) ¤� � ,D : A ! X �µ¨ �� � ÕµÈõ Âû ø X Û·õ  � ÷� � � êÂÏ ø¢ø Àª�� ¤�À÷�Âî �Â÷ B(A;X)D(a) = limi adxi(a) (a 2 A)ý¥��÷ø À�ª�� ¤�À÷�Âî Àþ�� (ad�i)ø (ad�i) ý�û ÕµÈõ ��� Óþ¤�ã� ¤¢ �î À��î ����(xi) ø (�i) ö¢�� ¤�À÷�Âî Âþ¥ ��Ìì Íþ�Âª ´½� üóø .Ýþ¤�À÷ (xi) ø (�i) ö¢�� ¤�À÷�Âî ��.Àþ � üõ ´¨À� ��÷ ��� Óþ¤�ã� ¤¢39



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊêù�Ú÷� ,Àª�� ÂþÁ� ß�Ú÷��õ A Âð� ,´¨�  �÷�� Â±� ×þ A Ý��î­Âê .��Ìì 2.5X ¤¢ ��� ÓþÂã� ¤¢ (xi) ¤� � ß��»Þû ø ´¨� ÂþÁ� ­�±Ö÷� �f ± þÂÖ � ¤�À÷�Âî ¤�Î� A.´¨� ¤�À÷�Âî2 .[16℄ ¥� 1 ��Ìì . ö�ûÂ�Ý�ÖµÆõ âÞ� ´¨�  �÷�� ý�û Â±� ¥� ý�ù¢��÷�¡ (A�) Ý��î­Âê .ÓþÂã� 3.5:Ý��î üõ ÓþÂã� Âþ¥ �¤�Ê� �¤ l1l1(A�) = f(x�) x� 2 A� ; k(x�)k = sup� kx�k <1g:Ý��î üõ ÓþÂã� Âþ¥ �¤�Ê� �¤ 
0(A�) ß��»Þû ø
0(A�) = f(x�) 2 l1(A�) ; kx�k ! 0g �÷�� ý�û Â±� ¥� (Ai) ¤�� Âû ý�¥� �� [12℄ ¥� 6.1 ñ�·õ ö�û Â� Õ±Ï .�µØ÷ 4.5.´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� 
0(A℄i) ÂþÁ� ß�Ú÷��õ�î ¢�ª üõ �ÂÎõ �ÜÿÆõ ßþ� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� ��úÔõ ÓþÂã� ¥� Àã�ö¢�� ¤�À÷�Âî ý�Â� üµ��� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î�  �÷�� Â±� Âû �� ö��� üõ �þ�Âþ¥ ��Ìì .¢Âî �µÆ��ø ,À÷¥ üõ °þÂÖ� �¤ D : A! X� �î ü÷ø¤¢ ý�úÖµÈõ ¥� ý¤��.Àû¢ üõ �õ ñ��ÿ¨ ßþ� �� ´±·õ ¾¨��Âð� �ú��ø Âð� ´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A  �÷�� Â±� .��Ìì 5.5�êÂÏ ø¢ ñøÀõ - A Âû ý�Â� Âû ý�Â� �î üÞÆÖ� Àª �� ¢���õ Lb Û·õ ´±·õ üµ���üÞÆÖ� Àª�� ¢���õ X� ¤¢ (�i) ¤�� ,D : A! X� �µ¨ ��� ÕµÈõ Âû ø X Û·õ  �÷��:�î
40



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊê.sup kad�ik 6 LbkDk .(1).D(a) = limi ad�i(a) (a 2 A) .(2)�� Lb ´��� üóø ´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A Ý��î ­Âê . ö�ûÂ��êÂÏ ø¢ ñøÀõ - A×þ N �� ÕÜãµõ n Âû ý�Â� Å� ,Àª�± ÷ ¢���õ (1) ´�¬�¡Ýþ¤�¢ M�n ¥� (�i) ¤�� Âû ý�Â� ø Dn : A!M�n �î üÞÆÖ� ´¨� ¢���õ Mn Û·õ  �÷��.supi kad�ik > nkDnkX� Ç÷�ðø¢ �î ÝþÂ�ð üõ ÂÑ÷ ¤¢ �¤ X = l1(M�n)  �÷�� �êÂÏ ø¢ ñøÀõ - A ñ��ÂÑ÷ ¤¢ X = l1(M�n) �� A ¥� �¤ D = (Dn) ÕµÈõ ø Àª�� üõ X = l1(M�n) �� Â��Â�.D = (Dn) : A! l1(M�n) ü�ãþ ÝþÂ�ð üõ�i Âû 3.5 ¤¢ l1(M�n) ÓþÂã� �� ���� �� ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ l1(M�n) ¥� (�i) ¤�� Âð�N �� ÕÜãµõ n Âû ý�Â� Å� .�ni 2M�n ö� ¤¢ �î ´¨� �i = (�1i ; �2i ; �3i ; :::) ÛØª ��:Å� ,supi kad�ni k 6 supi kad�iknkDnk < supi kad�ni k 6 supi kad�ik (1)¥� ý¤� � (�i) Ý� �î ­Âê ´¨� Â þÁ � ß�Ú ÷� � õ �f ± þÂ Ö � ¤�À ÷�Â î ¤�Î � A ö�� ñ��Ëì��µõ (1) üóø ´¨� ¤�À÷�Âî �Â÷ ¤¢ (ad�i)ø D(a) = limi ad�i(a) �î Àª�� l1(M�n).´¨� ßþ� ��.´¨� ¢���õ (2)ø (1) ´�¬�¡ ø¢�� üþ� Lb Å�2 .´¨� ¤�Âì Â� ��®ø �� 1.5 ÓþÂã� �� ���� �� Ýû ÅØä ´ÞÆìÂ±� ö¢�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ý�Â� ´¨� üØ½õ âì�ø ¤¢ �î 2.1 �b �Ìì ���Èõ ñ��
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¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊêý�Â� ´¨� üØ½õ ��÷ ��Ìì ßþ� �î Ý��î üõ ö��� �¹�þ� ¤¢ ý� ��Ìì ,´¨� A  �÷��.A  �÷�� Â±� ö¢�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î�A℄ Âð� �ú�� ø Âð� ´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A  �÷�� Â±� .Ýó 6.5.Àª�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î�ø¢ ñøÀõ - A℄ ×þ X ø ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A Ý��î­Âê .ö�ûÂ�.Àª�� ÕµÈõ ×þ D : A℄ ! X� ø  �÷�� �êÂÏA ù�Ú÷� ,Àª�� ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ý�¤�¢ A Âð� �î À�î üõ ö��� [12℄ ¥� 2.5 ùb¤��ðñøÀõ - A Âû ö�ðø¢ ý�µ� A ¥� ÕµÈõ Âû Âð� �ú�� ø Âð� ´¨� ÂþÁ� ß�Ú÷��õ �f ±þÂÖ�Âð� ´¨� ü÷�Øþ �±ª X �êÂÏ ø¢ ñøÀõ A)Àª�� ü÷ø¤¢ �f ±þÂÖ� 1 ü÷�Øþ �±ª �êÂÏ ø¢.(A:X:A = fa:x:b : a; b 2 A ; x 2 Xg �î X = A:X:AÂÑ÷ ¤¢ ü÷�Øþ �±ª �¤ X ´¨� üê�î ��� ùb¤��ð Õ±Ï Å� ´¨� ü÷�Øþ A℄ ö�� ñ��.X = A℄:X:A℄ Å� ,ÝþÂ�Ú�ßþ�Â���� ,x = a:z:b �î üÞÆÖ� À÷¢���õ z 2 X ø a; b 2 A℄ Å� x 2 X Âð� ñ��:Ýþ¤�¢e:x = e:(a:z:b) = ea:z:b = a:z:b = xx:e = (a:z:b):e = a:z:be = a:z:b = xX� �� ÕÜãµõ y Âû ý�Â� Å� .e:x = x:e = x ,Ýþ¤�¢ X �� ÕÜãµõ x Âû ý�Â� Å�,e:y = y:e Ýþ¤�¢ ��÷.(y:e)(x) = y(e:x) = y(x) ø (e:y)(x) = y(x:e) = y(x) ö��neo� unital142



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊê:Ýþ¤�¢ ñ��D(e) = D(e:e) = D(e):e+ e:D(e) = 2e:D(e) = 2D(e).D(e) = 0 �î ÝþÂ�ð üõ �¹�µ÷ Å�a Âû ý�Â � �î üÞÆÖ � ´¨� ¢���õ M > 0 ø X� ¤¢ (x�i ) ¤� � ­Âê Õ±Ï ñ��A �� ÕÜãµõD(a) = limi(a:x�i � x�i :a) ; ka:x�i � x�i :ak 6Mkak ; (8i)Å� .e:x� = x�:e Ýþ¤�¢ X� �� ÕÜãµõ x� Âû ý�Â� ø D(e) = 0 ö��D(a) = D(a) + �D(e) = D(a+ �e) = limi((a+ �e):x� � x�:(a+ �e))k(a+ �e):x� � x�:(a + �e)k 6Mkak 6Mka + �ek ø.´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A℄ ßþ�Â����ÕµÈõ ×þ D : A ! X� ø  �÷�� �b êÂÏ ø¢ ñøÀõ - A×þ X À��î­Âê ÅØã�ÛþÀ±�  �÷�� �êÂÏ ø¢ ñøÀõ A℄ ×þ �� X ßþ�Â���� .e:x = x:e = x Ý�û¢ üõ ¤�Âì .Àª��.Ý�û¢ üõ â�¨�� A℄ �� �¤ D ,D(e) = 0 Ý�û¢ üõ ¤�Âì .¢�ª üõø X� ¥� (x�i ) ¤� � .´¨� Â þÁ � ß�Ú ÷� � õ �f ± þÂ Ö � ¤�À ÷�Â î ¤�Î � A℄ Ý� �î üõ ­Âê:A �� ÕÜãµõ a Âû ý�Â� �î ÝþÂ�ð üõ ÂÑ÷ ¤¢ ö��� �¤ M > 0D(a) = limi(a:x�i � x�i :a) ; ka:x�i � x�i :ak 6Mkak ; (8i)2 .´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� AÅ�,´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A  �÷�� Â±� Ý��î ­Âê .��Ìì 7.5ÕÜãµõ a Âû ý�Â� �î üÞÆÖ� ´¨� ¢���õ L > 0´��� ø (A℄
̂A℄)�� ¤¢ (Mv) ¤�� ù�Ú÷�43



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊê:Ýþ¤�¢ A℄ ��ka:Mv �Mv:ak 6 Lkak ; ���(Mv)! 0 ; a:Mv �Mv:a! 0¤�À÷�Âî ¤�Î� A ù�Ú÷� Àª�� ¤�À÷�Âî (���(Mv)) ��÷ ø ��� üðÄþø ý�¤�¢ A Âð� ,ÅØã�.´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ�A℄ ù�Ú÷� ,Àª�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A Âð� 6.5 Ýó Â� ��� .ö�ûÂ�ùb¤� µ¨ Ó�ã® À� ,���(adu(a)) ö�� ,u = e 
 e Ý��î ­Âê ñ�� .´¨� ß��� �� ÷.���(adu(a)) = 0Å� ´¨� �(a:u� u:a) = 0.´¨� �µ¨��� ÕµÈõ ×þ adu : A℄ ! ker ��� ßþ�Â�����Â® ´ª�Ú÷ üì�½ó� �� : (A℄)� ! (A℄
̂A℄)� ö� ¤¢ �î X = (A℄
̂A℄)���((A℄)�) Âð� ñ���î üã��� ��ó�÷� ¤¢ ý� ��Ìì �� ��� ,�Âþ¥ ,X� �= ker ��� ù�Ú÷� ,´¨� � : A℄
̂A℄ ! A�(XM )� ù�Ú÷� Àª�� X ¥� �µÆ� ý�Ìê Âþ¥ ×þ M ø  �÷�� ý�Ìê ×þ X Âð� À�î üõ ö���.X� �= ker ��� Å� M? = ker ��� �õ� .´¨� ´¿þÂØþ M? �� �³ó�Ï ¤�Î�¢���õ ker ��� ¥� (ev) ¤� � Å� ´¨� ÂþÁ� ß�Ú÷� �õ �f ± þÂÖ � ¤�À÷�Âî ¤�Î� A℄ ö��Ý�û¢ üõ ¤�Âì .adu(a) = limv adev(a) ø ´¨� ¤�À÷�Âî �Â÷ �� (adev) �î üÞÆÖ� ´¨�:Ýþ¤�¢ ,a 2 A℄ Ý��î ­Âê ø Mv = u� eva:Mv �Mv:a = a:(u� ev)� (u� ev):a = a:u� u:a� (a:ev � ev:a):Ýþ¤�¢ ��÷ ø a:Mv �Mv:a! 0Å� adu(a) = limv adev(a) ö�����(Mv) = ���(u� ev) = ���(u) = e:Ýþ¤�¢ ß��»Þû ��÷ ø
44



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊêka:Mv �Mv:ak 6 ka:u� u:ak+ ka:ev � evk6 2kakkukCX + kadev(a)k6 2kukkakCX + Pkak = (2kukCX + P ):kakX ñøÀõ - AÓþÂã� ¤¢ �î ´¨� üµ��� CX ø kadevk 6 P �î üÞÆÖ� P > 0 �î�� ��Ìì ´þ�Ôî ´ÞÆì ��±�� L = (2kukCX + P ) Ý�û¢ ¤�Âì Âð� ñ�� .´¨� ùÀõ�.À¨¤ üõ ö�þ��ùø�ã� ø ´¨�¢���õ ��Ìì¤¢ ¤�îÁõ «��¡ �� (A℄
̂A℄)�� ¤¢ Mv Ý��î ­Âê ñ��ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A �î Ý��î ´��� Ý�û��¡ üõ .´¨� ¤�À÷�Âî (���(Mv)).´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A℄ �î Ý��î üõ ´��� 6.5 Ýó Â� ��� .´¨��êÂÏ ø¢ ñøÀõ - A×þ X ø �µ¨��� ÕµÈõ ×þ D : A℄ ! X� �î Ý��î üõ ­Âê.´¨�  �÷���±ª �¤ X ´¨� üê�î Àª ö��� 6.5 Ýó ��±�� ßÞ® ¤¢ �î [12℄ ¥� 2.5 ùb¤��ð Â� ����b Î��® �� �¤ fv : X ! C v Âû ý�Â� ñ�� .X = A℄:X:A℄ ü�ãþ ÝþÂ�Ú� ÂÑ÷ ¤¢ ü÷�Øþ�b Î��® �� C �� A℄
̂A℄ ¥� (x 2 X) �x ö� ¤¢ �î Ý��î üõ ÓþÂã�fv(x) = Mv(�x).¢�ª üõ ÓþÂã� �x(a
 b) = (aDb)(x):Ýþ¤�¢ A ¥� d; b Âû ý�Â��x:a�a:x(b
 d) = (bDd)(x:a� a:x)= (bDd)(x:a)� (bDd)(a:x):Ýþ¤�¢ üêÂÏ ¥� ñ��
45



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊê(�x:a)(b
 d) = �x(ab
 d) = (abDd)(x)(a:�x)(b
 d) = �x(b
 da) = (b:Dda)(x) :Ýþ¤�¢ Å��x:a�a:x(b
 d) = (�x:a� a:�x)(b
 d):Ýþ¤�¢ A℄
̂A℄ ¥� m Âû ý�¥� �� Å��x:a�a:x(m) = (�x:a� a:�x)(m)üÞÆÖ� ´¨� ¢���õ A℄
̂A℄ ¤¢ (m�v ) ¤�� Mv Âû ý�Â� ßþ�µªÀÜð �b �Ìì Â� ��� ñ��.m�v !Mv �î:Ýþ¤�¢ ñ��(a:fv � fv:a)(x) = fv(x:a� a:x)=Mv(�a:x�x:a) = lim�(�a:x�x:a)(m�v)= lim�(�x:a� a:�x)(m�v)=Mv(�x:a� a:�x) = (a:Mv �Mv:a)(�x):Ýþ¤�¢ ßþ�Â����k(a:fv � fv:a)(x)� (Da)(x)k 6 ka:Mv �Mv:akk�xk:Ýþ¤�¢ ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ m = e
 e Âð� ñ��k�xk 6 �x(m)k = kD(x)k 6 kDkkxk :Ýþ¤�¢ Å�k(a:fv � fv:a)(x)� (Da)(x)k 6 ka:Mv �Mv:akkDkkxk46



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊêß�Ú÷��õ �f±þÂÖ� A℄ Å� .´¨� ü÷ø¤¢ �f±þÂÖ� D Å� a:Mv �Mv:a ! 0 ö�� �î.´¨� ÂþÁ�:Å� ka:Mv �Mv:ak 6 Lkak ö�� �õ�k(a:fv � fv:a)(x)k 6 ka:Mv �Mv:akkDkkxk+ kDakkxk6 kDkkxkkakL+ kDkkxkkak: Å�ka:fv � fv:ak 6 (kDkL+ kDk)kak�÷�ð ßþ� A ,6.5 Ýó Õ±Ï ßþ�Â� ��� .´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A℄ ü�ãþ2 .´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� ü�ãþ ´¨�,ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ý� �ó�±÷¢ ¤�Î�  �÷�� Â±� Âû ´¡���Øþ ý¤�À÷�Âî Û¬� Õ±ÏÝ��î üõ �ê�®� A  �÷�� Â±� �� üÎþ�Âª ñ�� .Àª�� üõ ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î�.Àª�� ´¨¤¢ Ýû ß�È�� ùb¤��ð ÅØä �îÂþÁ� ß�Ú÷��õ �f ±þÂÖ� ¤�À÷�Âî ¤�Î�  �÷�� Â±� ×þ A Ý��î ­Âê .��Ìì 8.5�µª�¢ ÂþÁ� ©¤�Þª ñ�Ú� �b ä�Þ¹õ Âþ¥ ×þ ü�ãþ) Àª�� ÂþÁ� ×�ØÔ� A Âð� .´¨�.´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A ù�Ú÷� (Àª��.Àª�� A ¥� �¤�Þª ø ñ�Ú� �b ä�Þ¹õ Âþ¥ ×þ fbn : n 2 Ng Ý��î ­Âê .ö�ûÂ��µ¨��� ÕµÈõ ×þ D : A! X� ø Àª��  �÷�� �b êÂÏ ø¢ ñøÀõ - A×þ X Ý��î ­Âê.Àª��´¨� ¢���õ ö��� C > 0 Û·õ üµ��� ´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A ö��47



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊê:�î ´¨� ¢���õ(X ö�ðø¢) X� �� ÕÜãµõ �n ,N �� ÕÜãµõ n Âû ý�Â� �î üÞÆÖ�kD(bk)� (bk:�n � �n:bkk < 1n (k = 1;2; :::; n)ka:�n � �n:ak 6 Ckak :A �� ÕÜãµõ a Âû ý�Â� ø,À÷�� °þÂÖ� �¤ D(bk) ,X� ¤¢ (�n) �b ó�±÷¢ �f ø� �î À�î üõ ��¹þ� ��� ¯Âª ø¢ ñ��ü�ãþD(bk) = limn(bk:�n � �n:bk) (k 2 N)�� ¯Âª ø¢ ßþ� ñ�� .Àª�� B(A;X�) ¤¢ ¤�À÷�Âî �b ó�±÷¢ ×þ (ad�n) �b ó�±÷¢ �f�÷�� ø:�î À�û¢üõ �¹�µ÷ fbn : n 2 Ng ö¢�� ñ�Ú� ù�ÂÞûD(a) = limn(a:�n � �n:a) (a 2 A)ß�Ú÷��õ �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� Å� ,´¨� ü÷ø¤¢ �f±þÂÖ� ý� �ó�±÷¢ ¤�Î� D ßþ�Â����2 .´¨� ÂþÁ�.´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ¤�À÷�Âî ¤�Î�  �÷�� Â±� ×þ A Ý��î ­Âê .��Ìì 9.5�f±þÂÖ� ý� �ó�±÷¢ ¤�Î� A ù�Ú÷� Àª�� ÂþÁ� ×�ØÔ�  �÷�� ý�Ìê ×þ ö���ä �� A Âð�.Àª�� üõ ÂþÁ� ­�±Ö÷�2 .¢�ª üõ ´��� Û±ì ��Ìì Û·õ ��÷ ��Ìì ßþ� .ö�ûÂ�R ¥� �¤�Þª�÷ �b ä�Þ¹õ Âþ¥ ×þ S �î A = 
0(S) Ý��î üõ ­Âê .ñ�·õ 10.5ß�Ú÷��õ ÂþÁ� Ëþ�ã� Â±� - C� Âû [22℄ Õ±Ï ö��) ´¨� ÂþÁ� ß�Ú÷��õ A ù�Ú÷� .´¨�ÂþÁ� ­�±Ö÷� �f±þÂÖ� ¤�À÷�Âî ¤�Î� A ´¡���Øþ ý¤�À÷�Âî ��Ìì Õ±Ï Å� ( ´¨� ÂþÁ�.´¨�
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¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊê�f±þÂÖ� ý� �ó�±÷¢ ¤�Î� À÷��� üÞ÷ A .´Æ�÷ ÂþÁ� ×�ØÔ� AÅ� ´¨�¤�Þª�÷ S ö��×þ ý�¤�¢ A ,[12℄ ¥� 2.2 Ýó Â� ��� ù�Ú÷� Àª�� ¤�Ï ßþ� A Âð� ö�� Àª�� ÂþÁ� ­�±Ö÷�9.5 ��Ìì ýÂþÁ� ×�ØÔ� öøÀ� ßþ� Â���� .¢¤�À÷ ö�Øõ� �î ´¨� ý� �ó�±÷¢ ²� ü÷�Þû.´Æ�÷ ¤�ÂìÂ�,�Â ® ´ª� Ú ÷ .´ ¨� A ùbÀ ª ¤�¢ � Ø þ A℄ ø  � ÷� � Â ± � × þ A Ý � � î ­Â êý�úÔ�¬�� ¥� üØþ .K = ker � À�û¢ ¤�Âì ø ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ � : (A℄)
̂(A℄)op ! A℄¤¢ ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ×þ ¢��ø ,[17℄ ¥� 2.20 �b �Ìì Â� ��� ýÂþÁ� ß�Ú÷��õ ¢¤�À÷�µ¨��� Ýû �¤ ¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ �î Ý�û¢ üõ ö�È÷ ñ�� .Àª�� üõ K.¢Âî Ó�¬�� ö��� üõ üú��Èõ ©ø¤Âð� �ú��ø Âð� ´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A  �÷�� Â±� .��Ìì 11.5:�î üÞÆÖ� À�ª�� ¢���õ M > 0 ø K�� ¤¢ (ui)i2I ¤��.k:ui ! k (k 2 K) .(1).kk:uik 6Mkkk (k 2 K; i 2 I) .(2)Ý��î ­Âê ø ´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� A �î Ý��î ­Âê .ö�ûÂ�¤¢ (ui)i2I ¤�� ù�Ú÷� ,´¨� D(a) = a
 e� e
 a �bÎ��® �� ÕµÈõ ×þ D : A! K��:Ýþ¤�¢ A ¥� a Âû ý�Â� �î üÞÆÖ� ´¨� ¢���õ M > 0 ø K��D(a) = limi(a:ui � ui:a) ; ka:ui � ui:ak 6Mkak ; (i 2 I).Àª�� üõ �¤�¢ �¤ ��Ìì ¤¢ ùÀª Âî£ ¯Âª ø¢ (ui)i2I �î Ý�û¢ üõ ö�È÷ ñ��¥� ý� � ä � Þ ¹ õ Â þ¥ � � ÷ K � î À ª� � K � Ì ä k = Pn an 
 bn Ý � � î ­Â ê49



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊê:Ýþ¤�¢ ñ�� .Pn anbn = 0 ü�ãþ �(k) = 0 ßþ�Â���� .´¨� (A℄)
̂(A℄)opk:ui = Pn an:ui:bn = Pn an:ui:bn �Pn ui:an:bn= Pn(an:ui � ui:an):bn :ßþ�Â����kk:uik 6 Pn kan:ui � ui:ankkbnk 6M Pn kankkbnk:Ýþ¤�¢ ¢�ª üõ �±¨�½õ (A℄)
̂(A℄)op ¤¢ �î k �Â÷ ÓþÂã� Â� ���kk:uik 6Mkkk�¤�Ê� �¤ k ø � > 0 Ý��î ­Âê ñ�� .¢�ª üõ ¤�ÂìÂ� ��Ìì ¤¢ (2) ¯Âª Å�Â� ��� �þ�¹� ßþ� �î kk2k < � ø k1 = PNn=1 
n 
 dn 2 K �î Ý�Æþ�÷ üõ k = k1 + k2.¢�ª üõ ��¹÷� [16℄ ¥� 2.13 ù¤��ð:Ýþ¤�¢ ��� ���Èõ ©ø¤ �� ñ��k1:ui = PNn=1 
n:ui:dn = PNn=1(
n:ui � ui:
n):dn (9):Ýþ¤�¢ A �� ÕÜãµõ a Âû ý�Â� D(a) = a
 e� e
 a ö�� ñ��k1 = PNn=1 
n
dn = PNn=1(
n
e�e

n):dn = PNn=1D(
n):dn (10):Ýþ¤ø� üõ ´¨À� ,Ý��î üõ °�îÂ� Ýû �� �¤ (10) ø (9) �bÎ��¤ ø¢ ñ��kk1:ui � k1k 6 PNn=1 k
n:ui � ui:
n �D(
n)kkdnkö�� ,¢� ª üõ Â µ Ø�� î � Â û ¥� �� � �¤� ± ä ï¤� � ü ê� î ¤À Ö � ý� û i ý�Â � � î:D = limi aduikk2:ui � k2k 6 (M + 1)kk2k < (M + 1)� ö�� ø
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¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊê:Ýþ¤�¢ Å�kk:ui � kk 6 (M + 1):�¤�ÂìÂ� ��Ìì ¤¢ ��÷ (1) ¯Âª ßþ�Â���� .Àª�� üõ ï¤�� üê�î ¤ÀÖ� i �î üµìø ý�Â�.´¨�ø (1) ¯Âª ø¢ ¤¢ �î üÞÆÖ� ´¨� ¢���õ K�� ¤¢ (ui)i2I ¤�� À��î ­Âê ÅØã�¤�À÷�Âî ¤�Î� A℄ Ý�û¢ ö�È÷ �î ´¨� üê�î 6.5 Ýó Õ±Ï .À�î üõ ëÀ¬ ��Ìì ¤¢ (2).´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ�K�� ¤¢ K ø ui 2 K�� ö�� .vi = e 
 e� ui 2 ((A℄)
̂(A℄)op)�� Ý�û¢ üõ ¤�Âì�¹�µ÷ �î �(ui) = 0 �¤�¬ ßþ� ¤¢ �î ui 2 K � þ Å� ´¨� ñ�Ú� !� ý��ó���� � �Å � ui� ! ui � î ´ ¨� ¢� �� õ K ¤¢ (ui�) ¤� � � Ø � þ� � þ ø ���(ui) = 0 À û¢ ü õ.���(ui) = !� � lim� ���(ui�).���(vi) = eÅ� ,���(ui) = 0Å� ���(ui�) = 0 ,� Âû ý�Â� ö�� Å�:Ýþ¤�¢ A �� ÕÜãµõ a Âû ý�Â�a:vi � vi:a = (a
 e� e
 a)� (a:ui � ui:a)= (a
 e� e
 a)� (a
 e� e
 a):uiñø� ¯Âª Õ±Ï ßþ�Â �� � � ,a 
 e � e 
 a 2 K Å� �(a 
 e � e 
 a) = 0 ö��a:vi � vi:a! 0ka
 e� e
 ak 6 ka
 ek+ ke
 ak = 2kak ,ö�� ùø�ã�:Å�
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¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊêka:vi � vi:ak 6 2kak +M2kak = kak(2+ 2M):Å� m = 2 + 2M Ý�û¢ üõ ¤�Âì ñ��ka:vi � vi:ak 6 mkak (a 2 A; i 2 I)ü�ãþ) ´¨� 2ùÀª üì�½ó�-�Øþ  �÷�� �b êÂÏ ø¢ ñøÀõ - A℄ ×þ X Ý��î üõ ­Âê×þ D : A℄ ! X� Ý��î üõ ­Âê ��÷ø(e:x = x:e = x Ýþ¤�¢ X �� ÕÜãµõ x Âû ý�Â�.Àª�� ÕµÈõ.Àª�� �(a
 b) = a:D(b) �bÎ��® �� üµª�Ú÷ � : A℄
̂A℄ ! X� Ý��î ­Âê�� ÕÜãµõ u ø A℄ �� ÕÜãµõ a Âû ý�Â� ø k�k 6 kDk ,A℄
̂A℄ ýø¤ �Â÷ ÓþÂã� Õ±Ï:Ýþ¤�¢ A℄
̂A℄�(u:a) = �(u):a+ �(u):D(a) ; �(a:u) = a:�(u)ù�Ú÷� ,u = b
 
 Âð� �Âþ¥�((b
 
):a) = �(b
 
a) = b:D(
a) = b:D(
):a + b:
:D(a)= �(u):a+ �(u):D(a)�(a:(b
 
)) = �(ab
 
) = ab:D(
) = �(u):D(
)¤�ÂìÂ� ë�ê �b Î��¤ ø¢ A℄
̂A℄ �� ÕÜãµõ u Âû ý�Â� � ö¢�� �µ¨��� �� ���� �� ñ�� ø.´¨�aÂû ý�Â� ü�ãþ ,´¨� �êÂÏ ø¢ -A℄ ,ÝÆ�ê¤�õ ×þ P : X��� ! X� üã�±Ï Âþ�Ê�:Ýþ¤�¢ X��� �� ÕÜãµõ z ø A℄ �Ìä.P (a:x) = a:P (x) ; P (x:a) = P (x):a unit� linked252



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊê´ª�Ú÷ ø ´¨� �µ¨���ù¤�µ¨ Ó�ã®-ù¤�µ¨ Ó�ã® ��� : (A℄
̂A℄)�� ! X��� ��÷ øëÀ¬ k	k 6 kDk ¯Âª ¤¢ (´¨� â ��� � °�îÂ � ö�Þû �¹� þ� ¤¢ �Â®)	 = P:���Å� ´¨� �� üì�½ ó� ��� ö�� � � ÷ ø ´¨� Â µØ�� î ×þ ¥� P �Â ÷ ö��) À � î üõk�k = k���k ßþ�Â���� k�k = k��k Å� ´¨� � üì�½ó� �� ö�� ��÷ø k���k = k��k.(k	k 6 kDkÅ� k�k 6 kDk ,Ýþ¤�¢ ��÷ø:Ýþ¤�¢ P ö¢�� �µ¨��� - !� �� ���� �� (A℄
̂A℄)�� ¥� u ø A℄ ¥� a Âû ý�Â� ñ��	(u:a) = 	(u):a+ ���(u):D(a) ; 	(a:u) = a:	(u):Ýþ¤�¢ Ý�µêÂð ÂÑ÷ ¤¢ ùÀª üì�½ó��Øþ �¤ X ö�� ñ��D(a) = ���(vi):D(a) (���(vi) = e)= 	(ui:a)� 	(vi):a= a:	(ui)� 	(vi):a� 	(a:vi � vi:a):Ýþ¤�¢ Å� a:vi � vi:a! 0 ö�� ßþ�Â����D(a) = limi(a:	(vi)� 	(vi):a):�î Ýþ¤ø� üõ ´¨À� ka:vi � vi:ak 6 mkak �bÎ��¤ ¥� ��÷ øka:	(vi)� 	(vi):ak 6 kD(a)k+ k	kka:vi � vi:ak 6 kDkkak(m+ 1)¤�À÷�Âî ¤�Î� A℄ Å� .´¨� ü÷ø¤¢ �f±þÂÖ� ¤�À÷�Âî ¤�Î� D �î ÝþÂ�ð üõ �¹�µ÷ Å�2 .´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ�Âð� �ú��ø Âð� ´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ¤�À÷�Âî ¤�Î� A  �÷�� Â±� .��Ìì 12.5:�î üÞÆÖ� À�ª�� ¢���õ M > 0 ø K ¤¢ (ui)i2I ¤��53



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊê.k:ui ! k (k 2 K) .(1).kk:uik 6Mkkk (k 2 K; i 2 I) .(2)��÷ ��Ìì ßþ� ÝØ� Û±ì �b �Ìì ��±�� À÷ø ¤ ¤¢ ü��� ����¬� ×þ �� �ú�� .ö�ûÂ�2 .¢�ª üõ ´����b µÆû Âð� �ú��ø Âð� ´¨� ÂþÁ� ß�Ú÷��õ A  �÷�� Â±� �î Ý�÷�¢ üõ .�µØ÷ 13.5ù¢�Ôµ¨� �� ñ�� .Àª�� ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ý�¤�¢ � : (A℄)
̂(A℄)op ! A℄ ´ª�Ú÷:�î ¢�ª üõ ��±�� Û±ì ��Ìì ø ´�ãì�ø ßþ�¥�.´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� ¤�À÷�Âî ¤�Î� ,ÂþÁ� ß�Ú÷��õ  �÷�� Â±� Âû¤�Î� Âð� �ú�� ø Âð� ´¨� ÂþÁ� ß�Ú÷��õ A  �÷�� Â±� À�î üõ ö��� �î 3.3 �b �Ìì Õ±Ï:�î ÝþÂ�ð üõ �¹�µ÷ ,Àª�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´¡���ØþÂþÁ� ­�±Ö÷� �f±þÂÖ� ¤�À÷�Âî ¤�Î� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ ¤�Î�  �÷�� Â±� Âû:Ýþ¤�¢ Å� ÀûÀ�õ �¹�µ÷ �¤ ýÂþÁ� ß�Ú÷��õ ,ýÂþÁ� ­�±Ö÷� ö�� ø .´¨�ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� ,ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ ¤�Î�  �÷�� Â±� Âû.´¨�ü�ãþ ,Àª�� üÞ÷ ¤�ÂìÂ� ��� °ÜÎõ ÅØä Àû¢ üõ ö�È÷ �î Ýþ¤ø� üõ üó�·õ ñ���f ±þÂÖ� ´¡���Øþ ¤�Î� �î ¢¤�¢ ¢��ø ýÂþÁ� ß�Ú÷��õ �f ±þÂÖ� ¤�À÷�Âî ¤�Î�  �÷�� Â±�.Àª�� üÞ÷ ÂþÁ� ß�Ú÷��õAn ù�Ú÷� .ÝþÂ�ð üõ ÂÑ÷ ¤¢ l1 �Â÷ �� �¤ An = Cn Ý��î ­Âê .ñ�·õ 14.5.kenk = n �î ´¨� en = (1;1; :::1) ü÷�Þû ý�¤�¢
54



¤�À÷�Âî ¤�Î� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 5 ÛÊê,üþ�¹���  �÷�� Â±� Âû 5.3 �b µØ÷ Õ±Ï ö�� .´¨� ÂþÁ� ß�Ú÷��õ An Âû ��®��´¨� üû��µõ Àã� ��ø üþ�¹��� An ,Àª�� üû��µõ Àã� ��Âð� �ú��ø Âð� ´¨� ÂþÁ� ­�±Ö÷�.¢�ª üõ ��÷ ÂþÁ� ß�Ú÷��õ Å� ,´¨� ÂþÁ� ­�±Ö÷� Å�üõ ö�È÷ ñ�� .´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� 
0(A℄n) 4.5 �b µØ÷ Õ±Ï ñ��¢¤�¢ ü÷�Þû An ö��) Àª�� üÞ÷ ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ ¤�Î� Â±� ßþ� �î Ý�û¢.(A℄n = An Å�:�î üÞÆÖ� ´¨� ¢���õ ý� � ù�Ú÷� Àª�� 
0(An) ý�Â� ü±þÂÖ� ü÷�Þû (f�) Âð�.Àª�� üõ sup �Â÷ ,ë�ê �Â÷ �î kf�(e1; e2; :::)� (e1; e2; :::)k 6 1Âû �î Àª�� üõ (a1; a2; :::) ÛØª �� Å� Àª�� üõ 
0(An) �� ÕÜãµõ f� ö�� ñ��:Ýþ¤�¢ Å� .´¨� Ai �� ÕÜµõ aikanen � enkl1 6 sup kanen � enkl1 6 1:Ýþ¤�¢ N ¥� n Âû ý�Â� ßþ�Â����n� 1 6 kanenkl1 6 kankl1.kf�k = sup kankl1 ö�� kf�k =1 �î ÝþÂ�ð üõ �¹�µ÷ Å�ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ ¤�Î�  �÷�� Â±� A Âð� �î À�Ø�õ ö��� [12℄ ¥� 4.2 �b �Ìì �õ�.Àª�� üõ ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ A ù�Ú÷� Àª�� ÂþÁ�üõ ËÖ÷ �¤ ��� �b �Ìì Àª�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ ¤�Î� 
0(An) Âð� ñ��¤�Î� �î ´¨� ÂþÁ� ß�Ú÷� �õ �f ± þÂÖ � ¤�À÷�Âî ¤�Î�  �÷� � Â±� ×þ 
0(An) Å� .À�î.´Æ�÷ ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ´¡���Øþ
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6 ÛÊê
Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ

ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø
ø ÂþÁ� ß�Ú÷��õ �f±þÂÖ�  �÷�� ý�ûÂ±� ¤¢ ü±þÂÖ� ý�û ü÷�Þû ¢��ø ß�� üØþ¢�÷ �b Î��¤¤¢ ñ�·õ ö���ä �� ,´¨� ¢���õ  �÷�� ý�ûÂ±� ßþ� Ý�ÖµÆõ âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ:�Âª ßþ� �� Ýþ¤�¢ ý� ��Ìì [12℄Âû ø À�ª�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ�  �÷�� ý�ûÂ±� B;A Ý��î ­Âê .��Ìì 1.6ÂþÁ� ß�Ú÷��õ �f±þÂÖ� A� B ù�Ú÷� ,À�ª�� üõ ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ý�¤�¢ �ú�þ� ¥� ��Àî.Àª�� üõ2 .[12℄ .ö�ûÂ�üõ ö� ��±�� �� ø Ý��î üõ ö��� �¤ ��Ìì ßþ� ¥� ýÂµú� �¤�¬ �õ �¹�þ� ¤¢ ñ��.Ý��î üõ Â� Ýî �¤ A� B ýÂþÁ� ß�Ú÷��õ �f±þÂÖ� ý�Â� ��Ìì ��õø�Üõ âì�ø ¤¢ .Ýþ¥�¢Â�56



ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 6 ÛÊêý�Â� ø ÝþÂ�ð üõ ÂÑ÷ ¤¢ ¤�ø �ÎÖ÷ �¤ A � B ýø¤ �Â® ø âÞ� .�µØ÷ 2.6.k(a; b)k := maxfkak; kbkg Ý��î üõ ÓþÂã� �÷�ð ßþ� �¤ �Â÷ (a; b) 2 A� B­Âê .À�ª�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ�  �÷�� ý�ûÂ±� B;A Ý��î ­Âê .��Ìì 3.6�f ± þÂÖ � A � B ù�Ú÷� ,À�ª� � ¤�À÷�Âî ü±þÂÖ � ü÷�Þû ý�¤�¢ B � þ A ¥� üØþ �î Ý��î.´¨� ÂþÁ� ß�Ú÷��õD :A�B !X� ø  �÷�� �b êÂÏ ø¢ ñøÀõ - A � B ×þ X Ý��î ­Âê .ö�ûÂ�.Àª�� �µ¨��� ÕµÈõ ×þ´�Üî ö¢�¢ ´¨¢ ¥� öøÀ� .´¨� B ¥� ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ×þ (b�) Ý��î ­ÂêE ø X��� �Ìä � �î E = !� � lim� b� ø � = !� � limD(b�) ,�î Ý��î üõ ­Âê.´¨� B�� �Ìäñ�� .Àª�� üõ  �÷�� �b êÂÏ ø¢ ñøÀõ -(A�B)�� = A���B�� ×þ X��� [3℄ Õ±Ï©ÂµÆð Âþ¥ ÓþÂã� �� X��� ýø¤ A℄ � B ÛÞä �� �¤ X��� ýø¤ A� B üóøÀõ ÛÞä:Ý�û¢ üõeA:F = F � E:F ; F:eA = F � F:E (F 2 X���).Àª�� üõ A ü÷�Þû eA �¹�þ� ¤¢ �îÝþÂ�ð üõ ÂÑ÷ ¤¢ X��� ý�µ� A�B ¥� üÖµÈõ �¤ D ´¨� ñ�Ú� X��� ¤¢ X� ö��.D(eA) = �� ö� ¤¢ �î ,Ý�û¢ üõ ©ÂµÆð X��� �� A℄ � B ¥� üÖµÈõ �� �¤ D øA �� ÕÜãµõ a .´¨� ÕµÈõ ×þ Ýû ¥��û D ,©ÂµÆð ßþ� ¥� Àã� �î Ý��î üõ ´��� ñ��:ÝþÂ�ð üõ ÂÑ÷ ¤¢ �¤
57



ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 6 ÛÊêa:D(eA) +D(a):eA = �a:� +D(a)�D(a):E= D(a)� !� � lim�D(ab�)= D(a) = D(aeA)b� ø (a;0) � � �¤ a ´¨� A℄ � B ,D �b � õ�¢ ö�� ,� Âû ý�Â � D(ab�) = 0 � µ ± ó�a:b� = (a;0)(0; b�) = Ý þ¤ø� ü õ ´¨À � ,Ý þÂ � ð ü õ Â Ñ ÷ ¤¢ ü Ø þ (0; b�) � � �¤.D(0;0) = 0Å� (a0;0b�) = (0;0)��Þ� �î ¤�� ×þ) ´¨� ¤�À÷�Âî ü±þÂÖ� ü÷�Þû ý�¤�¢ A℄ ö�� 1.6 �b �Ìì Õ±Ï ñ���f ± þÂ Ö � A℄ � B Å� ,¢¤�¢ ¤�À ÷�Â î ü± þÂÖ � ü÷�Þû ×þ �� ÷ B ø (´¨� eA Ç��Þ�.´¨� ÂþÁ� ß�Ú÷��õ�µê�þ �ã¨�� D ßþ�Â���� .´¨� ÂþÁ� ­�±Ö÷� �f±þÂÖ� A℄ � B ,5.2 �b �Ìì Õ±Ï Å�:�î ´¨� ¢���õ X��� ¤¢ (Fi) ¤�� ßþ�Â���� .´¨� ü÷ø¤¢ �f±þÂÖ� ùÀªD(a; b) = limi((a; b):Fi � Fi:(a; b)) (a 2 A ; b 2 B)´¨À� ø Ý�û¢ üõ Â�� ��� �b ó¢�ãõ éÂÏ ø¢ �� X� �� X��� ¥� �¤ ü÷�÷�î Âþ�Ê� ñ��2 .´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� A�B ßþ�Â���� .´¨� ü÷ø¤¢ �f±þÂÖ� D �î Ýþ¤ø� üõù�Ú÷� ,À�ª�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ�  �÷�� ý�ûÂ±� B;A Ý��î ­Âê .��Ìì 4.6X = (A�B):X:(A�B))X Û·õ ü÷�Øþ �±ª  �÷�� �b êÂÏ ø¢ ñøÀõ -A�B Âû ý�Â�.´¨� ü÷ø¤¢ �f±þÂÖ� -!� ¤�Î� X� ý�µ� A� B ¥� �µ¨��� ÕµÈõ (ÕµÈõ D ù�Ú÷� ,Àª�� �µ¨��� ÕµÈõ ×þ D : A� B ! X� Ý��î ­Âê .ö�ûÂ��b Î��® �� D2 : B ! X� ø D1(a) = D(a;0) �b Î��® �� D1 : A ! X� �b µ¨��� ý�û58



ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 6 ÛÊê.À�î üõ Ǒ�Öó� �¤ D2(b) = D(0; b)üÞÆÖ� À÷¢���õ X� ¤¢ (�i) ø (�i) ý�û¤�� ,À�µÆû ÂþÁ� ß�Ú÷��õ �f±þÂÖ� B;A ö�� :�îD1(a) = limi((a;0):�i � �i:(a;0)) (a 2 A) (13)D2(b) = limi((0; b):�i � �i:(0; b)) (b 2 B) (14)Àª�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� A  �÷�� Â±� Âð� À�î üõ ö��� �î [12℄ ¥� 2.2 Ýó Õ±Ï ñ��°��Â� �� (rA� ) ø (lA� ) Ý��î ­Âê ,´¨� ´¨�¤ ø ²� ü±þÂÖ� ü÷�Þû ý�¤�¢ A ù�Ú÷��� (rB� ) ø (lB� ) Ý��î­Âê ß��»Þû ��÷ ø À�ª�� A ¥� ´¨�¤ ø ²� ü±þÂÖ� ý�û ü÷�Þû.À�ª�� B ý�Â� ´¨�¤ ø ²� ü±þÂÖ� ý�û ü÷�Þû °��Â�:Ýþ¤�¢(a;0) = lim�(a; b)(rA� ;0) = lim�(lA� ;0)(a; b) (a 2 A; b 2 B)(0; b) = lim�(a; b)(0; rB� ) = lim�(0; lB� )(a; b) (a 2 A; b 2 B)ø (�v) ý�û¤�� �î À�ûÀ�õ �¹�µ÷ (14) ø (13) ��¢�ãõ ù�ÂÞû �� �ó¢�ãõ ø¢ ßþ��î üÞÆÖ� À÷¢���õ X� ¤¢ ( v)D(a; b) = D1(a) +D2(b) = limv((a; b):�v �  v:(a; b)) (a 2 A; b 2 B),Å� ´¨� ÕµÈõ ×þ D ö��D[(a; b):(
; d)℄ = D(a; b):(
; d) + (a; b):D(
; d) (a; 
 2 A; b; d 2 B)= limv[(a; b):�v �  v:(
; d)℄:(
; d) + (a; b): limv[(
; d):�v �  v:(
; d)℄= limv[(a; b):(�v �  v)(
; d)℄ + limv[(a; b):(
; d):�v �  v:(a; b):(
; d)℄59



ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 6 ÛÊê:�î ÝþÂ�ð üõ �¹�µ÷ Å�limv[(a; b):(�v �  v):(
; d)℄ = 0 (a; 
 2 A; b; d 2 B):Ýþ¤�¢ ßþ�Â����D(a; b):(
; d) = limv[(a; b): v� v:(a; b)℄:(
; d) (a; 
 2 A; b; d 2 B) (15)�� � �¤� ±ä ¥� ´¨� ü÷�Ø þ �±ª ø  � ÷� �ø �êÂÏ ø¢ ñøÀõ - A � B ×þ X ö��:�î ÝþÂ�ð üõ �¹�µ÷D(a; b) = !� � limv[(a; b): v �  v:(a; b)℄ (a 2 A; b 2 B) ; (16).´¨� ü÷ø¤¢ �f±þÂÖ� - !� ¤�Î� D ßþ�Â����­Âê .´¨� Âþ¥ �Âª ��Àû¢ üõ �¹�µ÷ �¤ (16) �b Î��¤ (15) �÷�Ú� �Ø�þ� ¼�®��Ý�û��¡ üõ .D(a; b):(
; d) = limv( v):(
; d) Å�  v = (a; b): v �  v:(a; b) À��îý�Â� �î ´¨� Âþ¥ ü�ãõ �� ýø�Æ� ßþ� �õ� .D(a; b) = !� � limv( v) �î ÝþÂ�Ú� �¹�µ÷X �� ÕÜãµõ x Âû< x;D(a; b) >= limv < x;  v >(´¨� ü÷�Øþ �±ª X)À�î üõ ëÀ¬ X = (A�B):X:(A�B) ýø�Æ� ¤¢ X ö��.z 2 X ø b1 2 A� B ø a1 2 A� B �î x = a1:z:b1 ,Ýþ¤�¢ X ¥� x ý�Â� Å�:Ýþ¤�¢< x;D(a; b) >=< a1:z:b1; D(a; b) >=< z; b1:D(a; b):a1 >:Ýþ¤�¢ ´¨� ¤�ÂìÂ� A�B ¥� �Ìä Âû ý�Â� ��� �bÎ��¤ �Ø�þ� ø �Â® üÚµ¨��� Â� ���< z; b1:D(a:b):a1 >= limv < z; b1: v:a1 >60



ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 6 ÛÊê= limv < a1:z:b1;  v >= limv < x;  v >:Å� < z; b1:D(a; b); a1 >=< x;D(a; b) > ö�� üêÂÏ ¥�< x;D(a; b) >= limv < x;  v >2 .D(a; b) = !� � limv( v) ,Å�ü±þÂÖ� ü÷�Þû ý�¤�¢ A ù�Ú÷� ,Àª�� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� A� A Âð� .��Ìì 5.6.´¨� �êÂÏ ø¢ñøÀõ-A�A×þ �� ÛþÀ±� �¤ X Âþ¥ ÓþÂã� �� ø X = A Ý��î üõ­Âê .ö�ûÂ�:Ý��î üõ  �÷�� �b êÂÏ ø¢(a; b):x = a:x ; x:(a; b) = x:b (x 2 X; a; b 2 A)ßþ�Â���� ,´¨� ÕµÈõ ×þ D(a; b) = a� b �bÎ��® �� D : A�A! X �¤�Ê�þ� ¤¢ÂþÁ� ­�±Ö÷� �f±þÂÖ� A� A ,5.2 �b �Ìì Õ±Ï Å� ´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� A� A ö��:�î üÞÆÖ� ´¨� ¢���õ X ¤¢ (xi) ¤�� ,´¨�D(a; b) = a� b = limi[(a; b):xi � xi:(a; b)℄ (a; b 2 A) :Å�a� b = limi(a:xi � xi:b) (a; b 2 A).b = limi xib ,Ý þ¤�¢ a = 0 Â ð� ø a = limi a:xi ,Ý þ¤�¢ b = 0 Â ð� «�Ê¡ � �2 .´¨� �êÂÏ ø¢ ü±þÂÖ� ü÷�Þû ×þ (xi) ¤�� ßþ�Â����ý�¤�¢ A ,[12℄ Õ±Ï Å� ,´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ�  �÷�� Â±� ×þ A Ý��î üõ ­Âêý�¤�¢ A �î Ý��î üõ ¢�¹þ� A ýø¤ üÎþ�Âª ñ�� .´¨� �êÂÏ ×þ ü±þÂÖ� ü÷�Þû ×þ
61



ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 6 ÛÊê.¢�ª �êÂÏ ø¢ ü±þÂÖ� ü÷�Þû ×þ�b Î��® �� Pa : A ! R ý�û �Â÷ Ý�÷ �b Ü�¨�� ùÀª À�ó�� ý��ó���� � Ý��î ­Âê.b 2 A �î Àª�� Pa(b) = kabk,´¨� Ó�ã® (´¨�¤) ²� ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ A �î Ý��î­Âê .Ýó 6.6.Àª�� üõ (´¨�¤) ²� ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ A ù�Ú÷�f Âû ý�Â� Âð� Ý���ð Ó�ã® ²� ü±þÂÖ� ü÷�Þû ×þ�¤ A ¤¢ (a�) ¤�� �î À��î ����.f(a�b)! f(b) ,Ý�ª�� �µª�¢ A ¥� b ø A� ¥�2 .[12℄ ¥� 2.1 Ýó .ö�ûÂ�Ó�ã® ý��ó���� ¥� � ø ´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� A �î Ý��î ­Âê .��Ìì 7.6.´¨� �êÂÏ ø¢ ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ A ù�Ú÷� .(�! � � ü�ãþ) ´¨� Âµþ�ì A ýø¤�Â® ��  �÷�� �b êÂÏ ø¢ ñøÀõ -A�A×þ ö���ä �� X = A Ý��î ­Âê .ö�ûÂ�.Àª�� 5.6 �b �Ìì ¤¢ ùÀª ÓþÂã�X ¤¢ ( v) ¤� � ,D : A � A ! X ÕµÈõ ý�Â� �î Ýþ¢Âî ùÀû�Èõ 4.6 �b �Ìì ¤¢:�î üÞÆÖ� ´¨� ¢���õD(a; b):(
; d) = limv[(a; b): v �  v:(a; b)℄:(
; d)´¨À� D(a; b) = a� b ,Ý��î üõ ñ�Þä� Âþ¥ �b Î��® �� D ÕµÈõ Â� �¤ ��� �b ó¢�ãõ:Ýþ¤ø� üõ(a� b):d = limv(a: v �  v:a):d( v) ¤�� ¤¢ Àã� �� ý� �Ü�Âõ ¥� � > 0 Âû ý�Â� �î ´¨� ü�ãõ ßþ� �� �ó¢�ãõ ßþ�
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ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 6 ÛÊê:Ýþ¤�¢k[(a� b)� (a: v �  v:b)℄:dk < �Pd ¥�) À�î üõ Û�õ (a� b) �� � ý��ó���� ¤¢ a: v �  v:b �î Àû¢ üõ ö�È÷ ßþ� øý��ó���� ¤¢ V Û·õ a� b ¥� üÚþ�ÆÞû Âû ý�Â� Å� , �! � � ö�� ñ�� .(Àª ù¢�Ôµ¨�:Å� ,V 2 � �î Ýþ¤ø� üõ ´¨À� �!a� b = weak � limv(a: v �  v:b)ü÷�Þû ×þ 6.6 Ýó Â���� .Àª��üõ �êÂÏ ø¢ Ó�ã® ü±þÂÖ� ü÷�Þû ×þ ( v) ßþ�Â�����êÂÏ ø¢ ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ AÅ� .Ýþ¤ø� üõ ´¨À� A ý�Â� �êÂÏ ø¢ ü±þÂÖ�2 .´¨�ñ� Ú � A� ¤¢ spanfaa� : a 2 A; a� 2 A�g Ý � � î ­Â ê .� � Ì ì 8.6� Ø � þ�� þ, ´ ¨� Â þÁ � ß � Ú ÷� � õ �f ± þÂ Ö � ¤�À ÷�Â î ¤� Î � A � î ý¤� Ï� � ´ ¨�ÂþÁ� ­�±Ö÷� �f±þÂÖ� ¤�À÷�Âî ¤�Î� A ø ´¨� ñ�Ú� A� ¤¢ spanfaa� : a 2 A; a� 2 A�g.´¨� �êÂÏ ø¢ ü±þÂÖ� ü÷�Þû ý�¤�¢ A ù�Ú÷� ,´¨�×þ D : A� A ! X = A ø À÷¤�ÂìÂ� ��Ìì ¥� ñø� ¯Âª ø¢ Ý±�î ­Âê .ö�ûÂ�D Å� ´¨� ñ�Ú� !� ý��ó���� �� X�� ¤¢ X ö�� ßþ�µªÀÜð �b �Ìì Õ±Ï .´¨� ÕµÈõ.D : A� A! X�� Å� ÝþÂ�ð üõ ÂÑ÷ ¤¢ X�� ý�µ� A� A ¥� üã��� �¤�î üÞÆÖ� ´¨� ¢���õ X�� ¤¢ (�v) ¤�� ,4.6 �f �Ìì À�÷�õD(a; b):
 = limv(a:�v � �v:b):
.(A ýø¤­Âê Õ±Ï)´¨� ¤�À÷�Âî ,A ¥� a; b Âû ý�Â� (a:�v � �v:b) ùø�ã� ø63



ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 6 ÛÊêÝþ¤�¢ A� ¥� 
� Âû ø A ¥� 
 Âû ý�¥���< D(a; b); 

� >= limv < a:�v � �v:b; 

� >ö�� �õ� .´¨� ¤�ÂìÂ� 
1
�1 + 
2
�2 + ::: + 
k
�k üû��µõ ý�û âÞ� ý�Â� ø ¤ ßþ� ¥� ø,´¨� ñ�Ú� A� ¤¢ spanfaa� : a 2 A; a� 2 A�g ö�� ø ´¨� ¤�À÷�Âî (a:�v � �v:b):Å�D(a; b) = !� � limv(a:�v � �v:b)�� ���� �� ø Û±ì �f �Ìì Û·õ ù¤��ø¢ �î .a� b = !� � limv(a:�v � �v:b) �Ø�þ� �þ ø.Àþ� üõ ´¨À� A ý�Â� �êÂÏ ø¢ ü±þÂÖ� ü÷�Þû ×þ 6.6 Ýó¤¢ X ý�µ� �¤ D �¹÷� ¤¢ üóø ¢�ª üõ ��±�� �¤�¬ ß�Þû �� ��÷ ��Ìì �ø¢ ´ÞÆì2 .´¨� Âµ��¤ ��±�� �î ÝþÂ�ð üõ ÂÑ÷(A� = A:A�:A ü�ãþ) Àª�� 1ü¨�¨� üóøÀõ üó�Þãõ ñ�Þä� �� A� Âð� .�µØ÷ 9.6ö�� ,¢�ª üõ ¤�ÂìÂ� 8.6 �f �Ìì ¤¢ ñø� ¯Âª< D(a); b:a�:
 >= limv < �v; b:a�:
 >ö�� ø a�:
 2 A� ,Ýþ¤�¢ �îfb:a�:
 : b; 
 2 A; a� 2 A�g � faa� : a 2 A; a� 2 A�gü¨�¨� A� �î ¯Âª ßþ� ¥� 8.6 �b �Ìì ¤¢ ñø� ¯Âª ý�� �� Å� ,A� = A:A�:A ø.¢Âî ù¢�Ôµ¨� ��÷ ´¨�Âð� �Âþ¥ ,Àª�� ü¨�Øã÷� ø ÂþÁ� ß�Ú÷��õ �f±þÂÖ� A �î üµìø ´¨� ¤�ÂìÂ� 8.6 �b �Ììessential1
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ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 6 ÛÊê:Ýþ¤�¢ ,Àª�� A ý�Â� ´¨�¤ ü±þÂÖ� ü÷�Þû ×þ (ei)< a; a� >= limi < a�; aei >= limi < eia; a >Õ±Ï ø¤ ßþ� ¥� ø span!�f

�g = AÅ� ( ´¨� ü¨�Øã÷� A) A�� �= A ö�� ñ��.´¨� ñ�Ú� A�� ¤¢ �Â÷ �� ¤ø�õ �b �Ììüû��µõ�÷ ü¨�Øã÷� ÂþÁ� ß�Ú÷��õ �f±þÂÖ�  �÷�� Â±� ×þ ¥� üó�·õ º�û ö��î �� À�� Âûü¨�Øã÷� ÂþÁ� ß�Ú÷��õ  �÷�� ý�ûÂ±� ¢¤�õ ¤¢ [11℄ ¤¢ üµ� ,´¨� ùÀÈ÷ �µ¡��ª Àã�.À�ª�� üõ Àã� üû��µõ �ûÂ±� á�÷ ßþ� �î ùÀª ù¢¥ §À�Ý��î ­Âê .M = 
l(spanfaa� : a 2 A; a� 2 A�g) Ý��î ­Âê .��Ìì 10.6A� ¤¢ ñøÀõ Âþ¥ ×þ �b Ü�¨��M Ý��î ­Âê ø ´¨� ÂþÁ� ß�Ú÷��õ �f±þÂÖ� ¤�À÷�Âî ¤�Î� Aù�Ú÷� (A� =M �N �î ´¨� ¢���õ A� ¥� N Û·õ üóøÀõ Âþ¥ ü�ãþ) ¢�ª üõ üÜ�ÞØ�.Àª�� üõ �êÂÏ ø¢ ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ Aü � ã þ À ª� � M ùbÀ � � î Û � Þ Ø � ñøÀ õ Â þ¥ × þ N � î Ý � � î ­Â ê .ö� ûÂ �a ý�Â� ü�ãþ ,À�î üõ ��� �¤ N ,A²� ÛÞä , M ÓþÂã� �� ���� �� .A� =M �N�� Ëì��µõ �î M \ N 6= 0 ù�Ú÷� a:n 6= 0 Âð� ö�� .a:n = 0 ,Ýþ¤�¢ N ¥� n ø A ¥�.Àª�� üõ A� =M �NùÀª ÓþÂã� D(a; b) = a � b �b Î��® �� D : A � A ! A�� Ý��î üõ ­Âê ñ��.´¨�´ª�Ú÷ ' : A�� ! A��N� Ý��î ­Âê ��÷ ø A�� = M� � N� Å� A� = M � N.Àª�� üµÞÆì �¤�¡
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ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 6 ÛÊê,ÝþÂ�ð üõ ÂÑ÷ ¤¢ M� �¤ ' ¢Â� Å� A��N� = M��N�N� �= M�M�\N� �= M�0 �= M� ö��.' : A�� !M� ü�ãþ.À�ª�� üõ N� ø M� ý�� �� üþ�úÖµÈõ °��Â� �� (I � ')D ø 'Dø A��N� �= M� �î Ý� �î ´�� � À þ� � �Àµ �� (I � ')D ø 'D ö¢�� ÕµÈõ ��± �� ý�Â �.À�ª�� üõ �êÂÏ ø¢ ñøÀõ -A� A×þ ø¢ Âû A��M� �= N�ø¢ ñøÀõ -A� A×þ �� a��:(a; b) = a��:b ø (a:b):a�� = a:a�� �Â® �� �¤ A��.Ý��î üõ ÛþÀ±� �êÂÏ:Ý��î üõ ÓþÂã� �÷�ð ßþ� �¤ A��N� �Â®(a; b):(a�� +N�) := a:a�� +N� ; (a�� +N�)(a; b) := a��:b +N�. À�ª�� üõ ÕµÈõ ,(I � ')D ø 'D �î ¢�ª üõ ´��� ��®ø ��üõ ÂÔ¬ ��÷ N� ýø¤ A´¨�¤ ÛÞä Å� ,´¨� ÂÔ¬ N ýø¤ A ²� ÛÞä ö��.¢�ª´ ¨�¤ ü ± þÂ Ö � ü ÷� Þ û × þ ý�¤�¢ Å � ´ ¨� Â þÁ � ß � Ú ÷� � õ �f ± þÂ Ö � A ö� �,Å� ´¨� ´¨�¤ ü÷�Þû ×þ A ¤¢ (a�)) ´¨� ü÷ø¤¢ �f ± þÂÖ � (I � ')D Å� .´¨�.( (I � ')D(a; b):(a� +M�)!(I-')D(a; b)M� ¤¢ (�i) ¤� � ,Ý þ¤�¢ 8.6 �b �Ìì Õ±Ï �� ÷ 'D : A � A ! M� ý�Â� üêÂÏ ¥�:�î üÞÆÖ� ´¨� ¢���õ'D(a; b) = !� � limi[(a; b):�i � �i:(a; b)℄ (a; b 2 A).´¨� ü÷ø¤¢ �f±þÂÖ� -!� ¤�Î� D Å� D = (I � ')D + 'D ö�� ßþ�Â����
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ü±þÂÖ� ý�û ü÷�Þû ¢��ø ø Ý�ÖµÆõ ý�û âÞ� ü±þÂÖ� ýÂþÁ� ß�Ú÷��õ 6 ÛÊê2 .Àª�� üõ �êÂÏ ø¢ ü±þÂÖ� ü÷�Þû ×þ ý�¤�¢ A Û±ì ý�þ�Ìì Û·õ ßþ�Â����

[ ö�þ�� ℄
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7 ÛÊê
´¨���
�õ�÷ ù��ø

A�bimodule:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::�êÂÏ ø¢ ñøÀõ-AApproximate Identity:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: ü±þÂÖ� ü÷�ÞûApproximately Amenable:::::::::::::::::::::::::::::::::::::::::::::::::: ü±þÂÖ� ÂþÁ� ß�Ú÷��õApproximately inner:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: ü÷ø¤¢ �f±þÂÖ�Approximation Property::::::::::::::::::::::::::::::::::::::::::::::::::::::::::°þÂÖ� ´�¬�¡
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